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Abstract. Nearly twenty years ago Isaacs and the first author of this paper wrote a series of 
articles (Ij, |2j, [HI about what were called "stabilizer limits" of group characters, following the 
terminology of Berger The second author, in her thesis [^, needed one of the results of those 
articles in a new situation which was not treated earlier. Eventually she was able, by complicated 
and delicate arguments, to reduce her proof to a special case where ^ Theorem 8.4] could be 
applied. But this approach was extremely awkward. In the present paper we use arguments similar 
to those in the earlier articles to prove a Main Theorem from which the exact Theorem A needed 
in [3] easily follows. 

Introduction. To explain the precise content of our theorems requires a lot of notation and 
terminology. We start with the family T of all ordered triples {G^N^ij)), consisting of a finite 
group G, a normal subgroup N of G, and an irreducible complex character ij: of N . Fix a triple 
T = (G, A^, Tp) in T. This T determines several other objects, such as the stabilizer G{ij)) of the 
character ip in the group G, the image G{^p)/N of that stabilizer in the factor group G/N, and 
the character ^z^*^ of G induced by ^. We define the center Z(T) of T to be the center Z{ip'-^) of 
this induced character, and the central character of T to be the unique linear character (^^"^^ of 
Z(T) such that ■ip'^ restricts to a multiple of ^^^^ on Z{T). Then Z(T) is a normal subgroup of G 
contained in N, and <!^^'^^ is a G-invariant linear character of Z(T) lying under tp. 

By a suhtriple of T we mean any triple T' = {G' , N' consisting of a subgroup G' of G, the 
intersection N' = G' Ci N oi that subgroup with N, and an irreducible complex character tp' of A^' 
lying under the irreducible character ip of A^. Any such T' also lies in T. Furthermore, inclusion 
G' ^ G induces a natural embedding of the factor group G' /N' into G/N . It is easy to see that 
the intersection G' H Z(r) is contained in Z(T'), and that both (^^^^ and C,^'^ ^ restrict to the same 
linear character of this intersection. In general there is no useful relation between the stabilizers 
G'{ip') and G{'ip), or even between their images G'{ip')/N' and G{ip)/N. Notice that any subtriple 
T" of the subtriple T' is also a subtriple of T. So is any conjugate {T'Y = {(G'Y, {N'y , {ip'Y) of 
T' by any r G G(V'). 

Fix a subtriple T' = {G\N' ,ip') of T. We say that T' is a linear reduction of T if there exist 
some normal subgroup L of G contained in A^, and some complex linear character A of L lying 
under ip, such that G' is the stabilizer G(A) of A in G, and -p' is the unique irreducible character 
of the stabilizer N' = G' N = N{X) lying over A and inducing ^p. We say that T' is a multilinear 
reduction of T if there is some finite chain Tq, Ti, . . . , r„ of subtriples of T, starting with Tq = T and 
ending with T„ = T', such that each Tj, for i = 1, 2, . . . , n, is a linear reduction of its predecessor 
Tj_i. In that case we call Tq, Ti, . . . , T„ a linear reducing chain from T to T'. We say that T' is a 
linear limit of T if it is a multilinear reduction of T such that the only possible linear reduction of 
T' is T' itself. Each of the classes of linear reductions, of multilinear reductions, or of linear limits 
of T is closed under conjugation by elements of A^. If T' belongs to any of these classes, then the 
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natural embedding of G'/N' into G/N sends G'{ip')/N' isomorphically onto G{ip)/N, the center 
Z(T) is a subgroup of Z(T'), and the central character (^^'^^ is the restriction of ^ to Z(T). 

We say that the subtriple T' covers T modulo Z{T) if the subgroup G' 7i{T) is equal to G. In this 
case the natural embedding is an isomorphism of the factor group G'/N' onto G/N. Furthermore, 
the intersection G' H Z(T) is exactly Z(T'), so that inclusion G' ^ G induces an isomorphism of 
G' / Z(T') onto G/ Z(T). The character ^' is now the restriction of i/; to N', and the stabilizer G{ip) 
is the product G'^ip') Z(T). It follows that the natural isomorphism of G'/N' onto G/N sends the 
subgroup G'{i)')/N' onto G(V')/iV. 

After all these definitions we can finally state our 

Main Theorem. // T' and T" are two linear limits of some triple T S T, then there exists a 
finite chain To,Ti, . . . ,T„ of subtriples Ti of T, starting with Tq = T' and ending with T„ = T" , 
such that, for each i = 1,2, . . . ,n, either Ti is an N -conjugate of Tj_i, or Ti covers Tj_i modulo 
Z(Tj_i), orTi-i covers Ti module Z{Ti). 

Suppose that the factor group N(T') = N'/Z{T') is nilpotent, for some linear limit T' = 
{G' , N' , ip') of T. Then the Hall-Higman argument tells us that N(T') is abelian, and that commu- 
tation a,T ^ W^t] = o'~^T~^aT in N' induces a non-singular, strongly alternating, G'-invariant, 
bilinear form c' from N(T') x N(T') to the multiplicative group of the complex numbers, send- 
ing o" Z(T'), r Z(T') to C^'^'\[a,T]), for any a, r E A'^'. This bilinear form, and the natural action 
of the factor group G'/N' on the abelian group N(r') = N' / Z{T'), turn N(r') into a symplectic 
G'/N' -group. 

Since N(T') is symplectic, the irreducible character ip' of N' lying over (^(^') is zero outside 
Z(T'), and a multiple of ("(^'^ on Z(T'). Because is G'-invariant, so is ■0'- Hence the natural 
embedding sends G'/N' = G'{ij)')/N' isomorphically onto G{'ip)/N. We use this isomorphism to 
transfer the action of G'/N' on N(T') to one of G{ip)/N on that group. In this way N(r') becomes 
a symplectic G(V')/A-group 

The above Main Theorem implies that the factor group N(T") = N" / Z(T"), for any other linear 
limit T" = {G" , N" jip") of T, is isomorphic to N(T'), and hence is nilpotent. So N(r') is also a 
symplectic G('0)/A-group. For us the most important consequence of the Main Theorem is 

Theorem A. // some linear limit T' = {G' ,N' ,tp') of a triple T = (G,N,^p) G T has a nilpotent 
factor group N(T') = N' / Z{T'), thenN(T') is naturally a symplectic G{ip) /N -group. So is N(T") = 
N"/Z{T"), for any other linear limit T" = {G",N",tp") of T. Furthermore, N(r') and N(T") are 
isomorphic as symplectic G{ip)/N -groups. 

This is exactly the theorem needed in [3]. 

The first section of this paper gives most of the notation we use for groups and characters, 
along with a few specialized remarks about centers and central products of characters. The second, 
third, and fourth sections discuss, respectively, the triples in T, their linear reductions, and their 
multilinear reductions. Some of the results about multilinear reductions at the end of the fourth 
section are rather startling. For example, there is actually a canonical linear reducing chain from 
any T € T to any given multilinear reduction T' of T (see the remarks following Proposition 14. ll'j) . 
Furthermore, Proposition 14. lUl savs that any such T' is also a multilinear reduction of any subtriple 
T of T such that T' is a subtriple of T. 

The fifth section below is a detailed study of covering triples and the related correspondences of 
subgroups, characters, triples, linear and multilinear reductions, and linear limits. The above Main 
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Theorem is proved as Theorem 16.41 in the sixth section, while Theorem A is proved as Theorem 
17.151 in the seventh and final section of the paper. 

1. Groups and characters 

Unless otherwise specified, any group we use will be multiplicative. We write the indentity 
element of a group G as 1 = 1g, the center of G as Z(G), the conjugate of an element o" G G by 
an element r € G as cr"^ = r^^ar, and the commutator of a with r as [cr, r] = a~^T^^aT. The 
expressions H'^G, H<GovH<G mean that H is, respectively, a subset, a subgroup or a 
normal subgroup of G. To say, in addition, that H is properly contained in G, we write H C G, 
H < G or H <G, respectively. If H,K < G, then the normalizer of H in K is denoted by either 
Ni^(i^) or N(i/ in K), and the centralizer of if in by either Ck{H) or C{H in K). We write 
CoTeK{H) for the i^-core 

(1.1) Corej^(F) = fl 

of H, the largest subgroup of H normalized by K. As usual, the "commutator" [H, K] is the 
subgroup of G generated by all the commutators [a, r] for u € and t & K, and not the set 
of those commutators. We always write the commutator subgroup of G as [G, G], reserving the 
notation G' for other uses. 

For the rest of this section G will be a fixed, but arbitrary, group of finite order. We write 
that order as |G|, and the index of any subgroup H < G in G as [G : H]. By a character ip of 
G we always mean a non-zero complex character, considered as a function from G to the field C 
of all complex numbers. Such a ip determines G as its domain Doni{'ip) of definition. We write 
{tp, (p) = {ip, (P)q for the usual inner product of two characters ip, (p of G. We denote by Irr(G) the 
finite set of all irreducible characters of G, and by 1 = Ic the trivial character, sending each o" G G 
to 1 = Ic. Then 1 is the identity element in the finite group Lin(G) of all linear characters of G, 
i. e., of all homomorphisms of G into the multiplicative group of the complex field C. Of course, 
Lin(G) is also a subset of Irr(G). 

If is a subgroup of G, then we write ipn for the character of H restricted from a given character 
ip of G, and cp'^ for the character of G induced by a given character (p of H. Conjugation by any 
T £ G sends H to the conjugate subgroup H'^ = t^^Ht of G. It also sends any character (p oi H 
to the conjugate character cp"^ of , defined by 

(1.2a) (p^{a^) = cP{a) G C 

for any a £ H. In this way the group G acts by conjugation on the family of all characters of 
subgroups of G. We denote by K{(p) the stabilizer 

(1.2b) K{(P) = {t £ K \ (P^ = (P} 

of any character (p oi H in any subgroup K < G. Notice that K{<p) is contained in Ni^(ff), since 
any t £ K fixing (p must normalize H = Dom((/>). More generally, we write K{(pi, (p2, ■ ■ ■ , (pm) for 
the common stabilizer 

(1.2c) i^(0i, 02, ...Am) = K{^i) n K(02) n • • • n Kicp^) 

in K of any characters (pi,(p2, ■ ■ ■ , (pm of subgroups Hi, H2, ■ ■ ■ , Hm, respectively, of G. 

We're going to use several properties of the kernel and center of an arbitrary character ip of G. 
For the benefit of the reader (and perhaps of ourselves) we recall those properties here. We first 
choose some complex matrix representation A: cr ^ ^{.<^) of G affording the character ip. Then A is 
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a homomorphism of the group G into the group GL„(C) of ah non-singular n x n complex matrices, 
where n is the degree V'(l) of V'- The kernel Ker('(/;) of tp is just the kernel of this homomorphism, 
the normal subgroup of G consisting of all o" G G such that A{a) is the identity matrix / G GL„(C). 
The center Z(^p) of is the larger normal subgroup of G consisting of all o" E G such that A{a) is the 
product C^'^^(o-)/ for some C^'^H'^) ^ C^. The resulting function C^'^^ : Z(V') ^ is a G-invariant 
linear character of "Z^ip) lying under ^. We call C^"^^ the central character for ■i/'. Of course, the 
objects Keic{'ip), and C^'^^ depend only on ip, and not on the choice of the representation A 

affording -0. 

One obvious consequence of the above definitions is that C^^^ and ip have the same kernel 

(1.3) Ker(C^'^^) = Ker(V'). 

It follows that the factor group Z(^)/Ker(^) is cyclic as well as central in G/Ker('0). Another 
immediate consequence is that 

(1.4) iPiar) = V'(TfT) = ij{a)C^^\T) € C 

for any a £ G and r € Z(^/;). Since each matrix A(a), for cr G G, is diagonalizable, a third useful 
consequence can be stated as 

Proposition 1.5. A subgroup L of G is contained in Z(?/;) if and only if the restriction ipi is a 
multiple ip{l)\ of a single linear character X G Lin(L). In that case A is the restriction {C^'^'^)l of 
C^'^). Hence Ker A < Ker(C('^)) = Ker(V'). 

We now apply the above considerations when ip is the character (f)'-' of G induced by some 
character (p of some subgroup H < G. We may choose the representation A affording ip to be 
induced from a matrix representation B oi H affording p. Then A sends an element cj G G to 
z times an identity matrix, for some z G C^, if and only if right multiplication by a sends each 
coset Ht, for t G G, onto itself Hra = Ht, and B sends the corresponding element rcrr"^ G H 
to z times an identity matrix. This just says that Z(0'-') consists of all elements a in the G-core 
CoreG(Z(0)) = Cl^^^Zipy of Z{p) such that (C^'^^Yia) has the same value z for all r G G. Then 
C*-*^ \a) is that common value z. From this discussion we conclude that KeT{p'^) is the G-core 

(1.6a) Kei{p^) = Corec (Ker ((/>)) = p| Ker{(PY = p| Ker{(p^) < Ker(,/.) 

of Ker((/)), that Z{p^) is a subgroup 

(1.6b) Zip"") < Z{P) 

of Z{pi), and that C,^'!'^^ is the restriction 

(1.6c) C^^^^^ = {Q^^\i^o) 

of C^*^^ G Lin(Z(</>)) to that sub group. Another consequence is 

Proposition 1.7. The center Z{pP) is the largest normal subgroup L of G contained in H such 
that pL is a multiple p{i)X of some G-invariant A G Lin(L). Any such A is the restriction {(^^'^ 
of (^^"f* ) to the corresponding L. Hence Ker(A) < Ker(^^''^ •*) = Ker((/)'^) < Ker((/)). 

Proof. Since p'^ is a character of G, its center Z{p^) is a normal subgroup of G, and its central 
character (^'^'^ ^ G Lin(Z(0'^)) is G-invariant. We know from p.bb .c) that (^^'^ ^ is the restriction of 
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C^"^) to the subgroup Z{<f) of Z(0) < H. So 

Suppose that L is any normal subgroup of G contained in H such that (j) restricts to a multiple 
(j)^ = 0(1) A of some G-invariant A G Lin(L). Then L = < and = (/'(l)A^ = <?;»(1)A, 

for any t £ G. It follows that the induced character c/)'^ restricts to {(P'^)l = on L. So 

Proposition O for V = 0'^ tells us that L < Z{(j)^) and A = (C^'^^^)l- This, ((Ol), and (fOml) imply 
that Ker(A) < Ker(^'^'^ ^) = Ker((/)*^) < Ker(0). Thus the present proposition holds. □ 

Let H be any subgroup of G. We say that an irreducible character (p € Irr(i?) lies under 
an irreducible character ip G Irr(G) if is a constituent of the restriction ipn of ip to H. By 
the Probenius Reciprocity Law this happens if and only if ^ lies over cp, in the sense that ^ 
is an irreducible constituent of the induction cp^ of 4> to G. We indicate that (f> lies under ip (or, 
equivalently, that ^ lies over (p) by writing (p < ip. We denote by Irr( G \ <p) the set of all irreducible 
characters of G lying over a fixed <p G Irr(i7), and by Irr(^/> | H) the set of all (p G Irr(//) lying 
under a fixed ■0 G Irr(G). We write Lin(G | (p) and Lin('i/' | -ff ) for the subsets 

(1.8) Lin(G I 0) = Lin(G) nIrr(G I 0) and Lin( | ) = Lin(i7) nlrr( ?/; | ) 

of all linear characters in those two sets. Notice that Lin(G | 0) is empty unless (/> is a linear 
character, in which case Lin( G \ (p) consists of all extensions, if any, of (p to linear characters of G. 

If if is a normal subgroup of G, then Clifford theory tells us that Irr( tp \ K) is a single G- 
conjugacy class in Irr(K), for any fixed ip G Irr(G). It also tells us that induction from G{6) to G 
is bijection of Irr( G(^) | 9) onto Irr((jr | 9), for any fixed 9 G Irr(i^). If -0 G Irr(G | 9), then ^pg 
will denote the unique character in Irr( G{9) \ 9 ) from which ip = {4>e)^ is induced. We call ipe the 
9 -Clifford correspondent of ip. The Clifford correspondent tpQ can also be characterized as the only 
irreducible character of G{9) lying both over 9 and under ip. Furthermore, its restriction {'ipe)K to 
K \s a, multiple m9 of 0, for some strictly positive integer m. 

Suppose that a subgroup H < G stabilizes a linear character k of some subgroup K < G. 
Then H normalizes so that the product HK = KH is a subgroup of G. Furthermore, k 
restricts to an i?-invariant linear character hhciK of H D K < H. Clifford theory tells us that any 
(p G Irr(/f I khciK ) restricts to a multiple (p{l)KHnK of khdk on H H K. In view of Proposition 
11.51 it follows that any complex matrix representation A H affording (p sends any a € H (1 K to 
K{a)I. Because k G Lin(X) is ff-invariant, we conclude that the map 

(1.9a) err ^ k(t)^(cj), 

for a £ H and r G i^, is a well defined irreducible representation of HK. We denote hy (p * k the 
irreducible character of HK afforded by this representation. Then 

(1.9b) ((/>* k)(o-t) = (/)(o-)K(r) G C, 

for any a € H and t £ K. 

When K is faithful, the subgroup K is cyclic and central in HK, which is the central product 
H * K ol H and K with H D K amalgamated. In that case (p * n is the central product of the two 
characters (p and k. The case of general k can be reduced to that of faithful k by passing to the 
factor group HK/ KeT{K). Like central products, the product cp * k satisfies 

Proposition 1.10. If K < G and H < G{k), for some k G hin{K), then the map (p (p* k is a 

bijection of Irr(if | unnK ) onto lrr{ HK \ k). The inverse bijection is restriction from HK to H. 
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Proof. It is clear from (|1.9b|) that (j) * k, for any cp £ lri{H \ khhk), restricts to (j) on H and to 
on K. So (j)* k lies in lii{HK \ k) and determines (p. 

On the other hand, any S lrr{HK \ k) restricts to a multiple V'(l)'^ of iJi^-invariant 
linear character k on K. In view of (|1.4() and Proposition II. 51 this implies that ip restricts to some 
ipH G Irrl H \ nnnK ) such that ipn * k = ip. Thus the proposition holds. □ 

2. Triples 

Recall from the introduction that T is the family of all triples T = (G, A^, ip) such that G is a 
finite group, is a normal subgroup of G, and ^ is an irreducible character of N. We call G, N, 
and ip the ambient group, normal subgroup, and character, respectively, in the triple T. As in the 
introduction, we define the kernel Ker(T) of T, the center 7i{T) of T, and the central character 
for T to be the corresponding objects 



(2.1a) Ker(r) = Kei{ip'^) = CoreG(Ker(V')) < Ker(^) < A^, 

(2.1b) Z(r) = Z{ip^) < Z{iP) < N, and 

(2.1c) C^^) = C^^") = {&%T) 

for the character ip'^ of G induced by ^ G Irr(A^). So both Ker(T) and Z(T) are normal subgroups 
of G contained in A^, while the linear character (^'^^ of Z(T) is G-invariant with the same kernel 

(2.2) Ker(c(^)) = Ker(C(^'')) = Ker(V'^) = Ker(r) 



as T. Hence the factor group Z(r)/Ker(T) is cyclic and central in G/Ker(r). 

For the rest of this paper we fix a an arbitrary triple T = (G, A^, ip) S T, as well as the objects 
G, A^ and ip in T. A different characterization of Z(T) is given in 

Proposition 2.3. The center Z(T) is the largest normal subgroup L of G contained in N such 
that Ip € Irr(A^) lies over some G-invariant linear character A of L. Any such A is the restriction 
(C^^^)l of C^'^^ to the corresponding L. Furthermore, the restriction ipL of ^ to L is a multiple 
tp{l)X of A. Hence Ker(A) < Ker(C(^)) = Ker(r) < Ker(V'). 

Proof. If A is a G-invariant linear character of some normal subgroup L <G contained in A^, then 
Clifford theory for L < N implies that ip G Irr(A^) lies over A if and only if ipi = ip{l)\. The 
proposition follows immediately from this, (|2.1j) . and Proposition 11.71 □ 

We shall often encounter a situation where L and M are normal subgroups of G, contained in 
A^, such that [L, M] < Z(T). In symbols, this just says that 

(2.4a) L,M<G, L,M<N, and [L,M]<Z{T). 

When this happens we may compose commutation with the linear character C^-^^ of Z(T) to obtain 
a function c = ct from the cartesian product L x M to C^, sending (p, a) G L x M to 

(2.4b) c(p,a) = C(^)([/.,a])GC^ 

for any p G L and a G M. The commutator identities [irp, a] = [it, cr^lp, a] and [p, err] = [p, t][p, aY , 
together with the G-invariance of the linear character C'-"^^ imply that c is bilinear, in the sense 
that 

(2.4c) c{-Kp,a) = c{Tr,a)c{p,a) G and c{p,aT) = c{p,a)c{p,T) gC^, 
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for any tt, p € L and a, r E M. The G-invariance of C^'^^ also implies that c is G-invariant, in the 
sense that 

(2.4d) c{p\a^) = cip,a) eC", 

for all p G L, o" € M and t G G. 

Proposition 2.5. In the above situation both c(Z(T) r)L,M) and c(L,Z(T) fi M) are 1. Hence 
c induces a G-invariant bilinear function c from (LZ(T)/Z(T)) x (MZ(r)/Z(T)) to C^, sending 
the cosets pZ{T) € LZ{T)/Z(T) andaZ{T) € MZ(T)/Z(T) to 

(2.6) c(/5Z(r),aZ(r)) = cip,a) = C^^\[p,a]) G C^ 
/or any p ^ L and a G M. 

Proo/. If p € Z(r) n L and cr e M, then [p,a] = p~V^,where both p'^ and p'^ lie in Z{T) < G. 
Since C^'^^ G Lin(Z(r)) is G-invariant, we have 

c{p,a) = c^^H[p,a]) = c^^Hp-'pn = c^^\p-')c^^\pn = c^^\pr\^^Hp) = i. 

So c(Z(T) n L,M) = 1. The proof that c{L,Z{T) D M) = 1 is similar. Thus the first statement 
of the proposition holds. The remaining statement follows immediately from the first one and 
((22t,d). □ 

As in the introduction, we define a subtriple of T to be any triple T' = (G' , N' ,1^'), such that 

(2.7) G' <G, N' = G'r\ N, and V' e Irr( ^ | iV' ). 

Of course, any such T' also lies in T. We denote by ST(T) the finite family of all subtriples of T. 
We often write T' < T, instead of T' G ST(T), to say that T' is a subtriple of T. 

For the rest of this section we fix the above subtriple T' = {G\N' ^tp') of T. Since A^' is the 
intersection G' Ci N of G' < G with N < G, there is a natural monomorphism e!^, of the factor 
group G' /N' into G/N , sending the coset aN' G G' /N' to the coset 

(2.8) e^,{aN') = (TN eG/N, 

for any a ^ G'. We call e^/ the natural embedding of G' /N' in G/N . 

It is obvious from the above definition that any subtriple T" = (G" , N" of T' is also a 
subtriple of T. Furthermore, the natural embedding of G" /N" into G/N is the composition 

(2.9) e?„ = e?, o e'^', : G"/N" G/N 
of that of G'/N' in G/N with that of G"/N" in G'/N'. 

The center and central character of the subtriple T' <T are related to those of T by 

Proposition 2.10. The intersection Z = G' Z(T) is a normal subgroup of G' contained in N' . 
The restriction C = (C'-"^^)z is a G' -invariant linear character of Z lying under ip' G Irr(A^'). Hence 
Z is the intersection Z(T') fl Z(T), and the restriction {(^^'^ is also equal to C. 

Proof. Because Z(T) is a normal subgroup of G contained in A^, its intersection with G' < G is a 
normal subgroup Z of G' contained in N' = G' H N. The G-invariant linear character (^^"^^ of Z{T) 
restricts to a G'-invariant linear character = (C^^^)z of Z. We know from Proposition 12.31 that 
tp G Irr(A^) restricts to a multiple V'(1)C^'^^ of So its restriction ipj^i to A^' restricts to the 

same multiple of It follows that the irreducible constituent ^' of ip^' also restricts to a 

multiple ipi'{l)Q of the linear character Q. Now all the hypotheses of Proposition 12.31 hold with T', 
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Z, and C in place of T, L, and A, respectively. That proposition tells us that Z < Z(r'), and that 
(C^^ = C- Thus the present proposition holds. □ 

Conjugation by any r € G^ip) leaves invariant both N < G and tp G Irr(A'^). So it sends 
N' = G'r\N to {N'Y = (G'Y n N, and V' G Irr( V | iV' ) to (V'')^ ^ Irr( ip \ {N'Y ). Hence it sends 
the subtriple T' = (G', N' , ip') of T to the conjugate subtriple 

(2.11) iTr = iiGr,{Nr,i^r)<T. 

Evidently this conjugation is an action of the group G{'ip) on the set ST(T) of all subtriples of T. 

Conjugation by r sends the character {ip')^' of G' induced by to the character {{ip'Y)^^'^^ 
of {G'Y induced by {ip'Y ■ It follows that it sends the kernel Ker(T'), the center Z{T'), and the 
central character of {ip')^' to the kernel 

(2.12a) Ker((T')^) = Ker(T')^, 

the center 

(2.12b) Z((r')^) = Z(r')^> 

and the central character 

(2.12c) c"'^')^) = (c('^'))^ 

respectively, of {{ip'Y)^^ ■ Conjugation by r also induces an isomorphism of the factor group 
G'/N' onto {G'Y /{N'Y, sending any coset a G G' /N' to the coset G {G'Y /{N'Y- The natural 
embeddings (|2.8|) of G'/N' and {G'Y /{N'Y in G/N carry this isomorphism into conjugation by 
tN G G/N , in the sense that 

(2.12d) ejp,). (a^) = e?, {aY^ G G/iV, 

for any a G G' /N' . When r lies in the subgroup of G{ip), its image tN = Iq/n centralizes G/N. 
In that case conjugation by r carries e^, to ejj,,y. 

3. Linear reductions 

Suppose that L and A satisfy 

(3.1) L<G, L<N, and AGLin(VlL). 

Then the stabilizer G(A) of A in G is a subgroup of G, the stabilizer A^(A) of A in is the intersection 
G(A) n A^, and the A-Clifford correspondent ipx oi tp ^ Irr(iV | A) is an irreducible character of 
A^(A) lying under ip. Hence 

(3.2) r(A) = (G(A),A^(A),V'A) 

is a subtriple of T. We call r(A) the X-linear reduction of T. Notice that 

(3.3) L<Z(T(A)) and A = (C^^^^)))^. 

This follows immediately from Proposition 12.31 for T(A), since L is a normal subgroup of G(A) 
contained in A^(A), and A is a G(A)-invariant linear character of L lying under tpx- 

We say that an arbitrary subtriple T' of T is a linear reduction of T if it is equal to T(A) for 
some L and A satisfying (|3.1() . We denote by LR(T) the finite family of all linear reductions of T. 
Note that T lies in LR(r), since we may choose L = Z{T) and A = C^^^ in 1)3. If) , in which case 
T(A) is just T. 
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A different way of looking at the conditions H3.1() is given in 

Proposition 3.4. If L < G and L < N, then Lin^ip \ L) is non-empty if and only if [L,L] < 
Ker(T). This happens if and ony if LZ{T)/ Z{T) is an ahelian normal subgroup of G/7j{T) con- 
tained in N/ Z(r). 

Proof. The subgroup hke L, is normal in G and contained in A'^. If [L^L] < Ker(T), then 

[L,L] < Kei^ip) by H2.1a() . So any character of L lying under ip is linear. Hence Lm{^p | L) is the 
non-empty set lrr('0 | L) when [L,L] < Ker(T). 

Conversely, suppose we have some character A G Lin('i/; \ L). Then [L,L] < Ker(A). Because 
[L, L] is normal in G, it follows that [L, L] < CoreG(Ker(A)) = Ker(A'^). But Ker(A"^) < Ker{^p^) = 
Ker(T), since V £ Irr(A | A) is an irreducible constituent of A^. Hence [L,L] < Ker(T) when 
Lin( ip I L ) is not empty, and the first statement of the proposition is proved. The remaining 
statement is an immediate consequence of the first one. □ 

Assume that L and A satisfy (|3.H) . Since both L and Z(T) are normal subgroups of G contained 
in A^, so are LZ{T) and -LnZ(T). The restriction XLnz{T) ^ Lin(LnZ(T)) lies under A < ■0- Since 
V'z(T) = V'(1)C^"^^ by Proposition 12. 3( this implies that Xif^z(T) = (C^"^^)Lnz(r)- The G-invariant 
character C^^-* is also L-invariant. So we may apply (|1.9|) . with H = L, K = Z{T), (p = X, and 
n = C,^'^\ to obtain a linear character A * ^^"^^ of L Z(T) with the value 

(3.5) (A * C^^'>){aT) = X{a)C^^\T) G C^ 

for any a £ L and r G Z(T). Evidently A * C^^^ extends A. So its domain LZ(T) is a subgroup 
of G(A). In particular, Z(T) < LZ(T) is contained in the ambient group G{X) of T(A) < T. By 
Proposition 12.101 this implies that 

(3.6) Z(r)<Z(r(A)) and C^^) = (C(^W))z(r). 

Another consequence of the existence of A * C,^"^^ is 
Proposition 3.7. Any linear reduction of T has the form T{n), for some K and k satisfying 
(3.8) K<G, Z{T)<K<N, and K£Lm{^p\K). 

Furthermore, the restriction ki{t) is C^'^\ for any such K and k. 

Proof. By definition our linear reduction is T(A) for some L and A satisfying (|3.H) . As we saw 
above, the product K = LZ{T) is a normal subgroup of G contained in N. Because ip G Irr(A^) 
lies over A G Lin(L), and restricts to on Z(T), it lies over k = 

A*C^^^ e Lin(A:). It follows 

that K and k satisfy ()3.8() . In particular, they satisfy the equivalent of ()3.1|) . so that the linear 
reduction T(k) of T is defined. 

Since G normalizes L = Dom(A), and stabilizes C^'^\ it follows from 1)3. 5|) that G{k) = G{X * 
(^(^)) = G{X). Similarly, N{k) = N{X). So the irreducible character -0^; of N{k) lying under ip and 
over K = A * C^"^^ must equal the unique irreducible character xpx of A (A) lying under ip and over 
A < A * C^^^- Therefore T{k) = {G{k), N{k),'iIj^) is equal to r(A) = (G(A), A(A), V'a), and the first 
statement in the proposition is proved. 

Now let K and k be any objects satisfying (|3.8|) . The subgroup K of G{k,) is contained in N{k), 
and its G(«;)-invariant linear character k lies under ■0^- So Proposition 12.31 for the triple T{k), tells 
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US that K < Z{T{k)) and k = {C^^^'^^^)k- Since Z{T) < K hy hypothesis, this and with k in 

place of A, imply that 

Hence the remaining statement in the proposition holds. □ 

We say that a linear reduction of T is proper if it is not equal to T. We say that T is linearly 
reducible if it has some proper linear reduction, and linearly irreducible otherwise. 

Proposition 3.9. // L and A satisfy (|3.H) . then T(A) is a proper linear reduction of T if and 
only if G(A) < G. This happens if and only if Z(T) does not contain L. Thus T is linearly 
irreducible if and only if Z(T) contains every normal subgroup L of G satisfying both L < N and 
[L,L] < Ker(r). 

Proof. Suppose that G(A) = G. Then A^(A) = G(A) DiV = A^, and Tpx must be the unique character 
ip G Irr(^/^ I A^). Hence T(A) = T in this case. Since r(A) ^ T when G{X) < G, this proves the 
first statement of the proposition. 

By definition L is a normal subgroup of G contained in A^, and A is a linear character of L lying 
under ip G Irr(A^). Proposition 12.31 implies that G stabilizes A if and only if L is a subgroup of 
Z(T). The second statement of the proposition follows from this and the first statement. 

The triple L is linearly irreducible if and only if it is equal to T(A) whenever L and A satisfy 
(|3.1j) . By the second statement of the proposition this happens if and only if Z(r) contains L, 
for all such L and A. In view of Proposition 13.41 this is equivalent to the final statement of the 
proposition. □ 

We can restate the above proposition in terms of factor groups modulo Ker(T). 

Proposition 3.10. The arbitrary triple T = {G,N,ip) ^ % is linearly irreducible if and only 
if the cylic central subgroup Z(r)/Ker(r) of G/Ker(r) is the largest abelian normal subgroup 
of G/Ker(r) contained in N/Ker{T). In that case Z(r)/Ker(T) is the center Z{N/Ker{T)) of 
N/Kei{T). 

Proof. As we noted after (|2.2|) . the subgroup Z(r) / Ker(T) is always cyclic and central in G/ Ker(T). 
It is also contained in A^/Ker(T) by ()2.1b|l . The normal subgroups L of G/Ker(T) contained in 
A^/Ker(T) are just the images L = L Ker(T)/ Ker(T) of the normal subgroups L of G contained 
in A^. Clearly L is abelian if and only if any corresponding L satisfies [L,L] < Ker(T). The 
first statement of the proposition follows from these remarks and Proposition 13.91 The remaining 
statement is an immediate consequence of the first one. □ 

An elementary exercise in Clifford theory gives us 

Proposition 3.11. // L and A satisfy 1)3.11) . and if k is the restriction Xk of \ (z Lin(L) to 
some normal subgroup K of G contained in L, then the K-linear reduction T[k) of T is defined. 
Furthermore, the X-linear reduction T(k, A) = [T(k)](A) of T{k) is defined and equal to T(A). 

Proof. The normal subgroup AT of G is contained in A^, since it is contained in L < A^. Its linear 
character k = Xk lies under ^ G Irr(A^), because A does. Hence 1)3. ip holds with K and k in place 
of L and A, respectively. So the K-linear reduction T{k) = (G(k), A^(k), V'k) is defined. 
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Clearly L fixes the restriction k of its character A to its normal subgroup K. Hence L is a 
normal subgroup of contained in N{k). Because A extends k, and lies under ip, it lies under 
the unique irreducible constituent ip^ of 'i/'N(K) lying over k. Thus ()3.1|) holds with T(k) in place of 
T. Hence the A-linear reduction T{k, A) = [T{k)]{X) = {G{k, A), N{k, A), (V'k)a) is defined. 

Since K is a normal subgroup of G, any element of G fixing A must fix the restriction k = Xk- 
Hence A) = G(A). It follows that N{k, A) = G{k, X) n N = G(A) nN = N{X). So (V'k)a is an 
irreducible character of A^(A) lying over A and under < ip. Thus it must be the unique irreducible 
character ipx of A^(A) lying over A and under ijj. Therefore T{k,X) is T(A) = {G{X), N(X),ipx), and 
the proposition is proved. □ 



4. Multilinear reductions 

As in the introduction, we say that that a subtriple T' < T is a multilinear reduction of T if 
there is some finite chain Tq, Ti, . . . , T„ of subtriples Tj < T, starting with Tq = T and ending with 
Tn = T', such that each Tj, for i = l,2,...,n, isa linear reduction of its predecessor Tj_i. In that 
case we call Tq,Ti, . . . ,Tn a linear reducing chain from T to T'. We write MLR(r) for the finite 
family of all multilinear reductions of T. Of course, the set LR(r) of all linear reductions of T is 
a subset of MLR(T). In particular, T G LR(T) lies in MLR(T). It follows immediately from (|3.6|) 
that 

(4.1) Z(r)<Z(r') and C^^) = (C(^'))z(r) 
for any T' G MLR(T). 

Another concept defined in the introduction is that of a linear limit of T. This is any multilinear 
reduction T' of T such that T' is linearly irreducible. We denote by LL(r) the family of all 
linear limits of T. Evidently LL(T) is a non-empty subset of MLR(r). Furthermore, LL(r') is a 
non-empty subset of LL(T), for any T' E MLR(T). 

Let T' = (G' , N' , Ip') be an arbitrary subtriple of T = (G, A^, ip). Any linear reduction of T' has 
the form T'(A'), for some normal subgroup L' of G' contained in A^', and some linear character A' 
of L' lying under ip' G Irr(A'^'). Conjugation by any r G G{'ip) sends L' to some normal subgroup 
(L'Y of {G'Y contained in {N'Y. It also sends A' to some linear character (A')'^ of {L'Y lying 
under {iP'Y G It:v{{N'Y). Since (G')^((A')^) = G'(A')^ and (('(/'')^)(A'r = ((V'')a')^> it follows from 
(l^nri) and that (T')^((A')^) is the conjugate subtriple 

(4.2) (T')"((A')") =T'(A')" 
of T. 

Since the conjugate T"^ = {G'^ , N'^ ,tp'^) is equal to T = {G,N,ip), for any r G G{Tp), the above 
equation, together with the definitions of linear reductions, multilinear reductions, and linear limits, 
implies immediately that 

Proposition 4.3. // T' G ST(T) and r G G{ip), then conjugation by r sends the subsets LR(r'), 
MLR(r') and LL(r') of ST{T) onto 

LR{T'Y = LR{{T'Y), MLR(ry = MLR((r')^) and LL(T')^ = LL((r')^), 

respectively. In particular, LR(T), MLR(T) and LL(T) are G{'ip)-invariant subsets of ST(T). 



A little exercise in Clifford theory will give us 



DADE AND LOUKAKI, LINEAR LIMITS 



12 



Proposition 4.4. If T' = [C is a multilinear reduction of T (in particular, if T' is a 
linear limit of T), then G'{ip')N = G{il^). Hence the natural embedding e^/ ofG'/N' into G/N 
sends G'{^')/N' < G'/N' isomorphically onto G{ip)/N <G/N. 

Proof. Notice that the two statements in the proposition are equivalent to each other, since the 
monomorphism e^, of G'/N' into G/N in (|2.8() sends G{ip')/N' onto G{ip')N/N. Furthermore, the 
definition of multihnear reductions as repeated hnear reductions, together with the transitivity (|2.9|) 
of natural embeddings, implies that the proposition will hold in general if it holds in the special 
case where T' is a linear reduction of T. So all we have to prove is the equality G'{'il^')N = G{'ip) 
in that case. 

Since T' is a linear reduction of T, there exist some L and A satisfying such that T' = T{X). 
Then G' is G(A), and ip' is ipx. It follows that 

G'(^') = G'(Va) = G(A,V'a). 

By definition the Clifford correspondent ipx induces the character of A^. Since the subgroup 
G{X,ipx) of G fixes ipx and normalizes N < G, it fixes = (ipx)'^ ■ Hence G{X,ipx) < G{X,Tp). The 
opposite inclusion comes from the observation that G{X, ip) fixes both A and ip, and therefore fixes 
the unique A-Clifford correspondent ipx of ip- Thus we have 

G'ii;') = G{X,^Px) = G{X,^). 

Since L is a normal subgroup of G, conjugation by any element r G G{'ip) leaves invariant the set 
lrr{^ I L ) of all irreducible characters of L lying under ijj G Irr(A^). Clifford theory for L < N tells 
us that Irr(V' | I/) is a single A^-conjugacy class. Because A lies in Irr(V' | L) by it follows 

that G(^) is the product G'{ip')N of the stabilizer G'{^') = G{X,ij) of A in G(V') with N. As we 
saw above, this is enough to prove the proposition. □ 

Any multilinear reduction induces several correspondences of characters. 

Proposition 4.5. // T' = (G' , N' ,tlj') is a multilinear reduction of T, and if H is a subgroup of 
G containing N , then H' = G' f] H is a subgroup of G' containing N' . Induction from H' to H is 
a bisection of \ti{H' \ ijj' ) onto 1it{H [V')- inverse bijection sends any 9 E 1tt{H \tp) to the 
unique character 9t' in lrr{H' \ ("(^') ) lying under 9. 

Proof. The subtriple T' of T satisfies A^' = G' fl A^ by 1)2. 7(1 . The first statement of the proposition 
is an immediate consequence of this. 

We first prove the remaining statements of the proposition when T' is a linear reduction of T. 
In this case there exist some L and A satisfying (|3.1() such that T' = T(X) = {G{X), N{X),tpx)- 
It follows that H' = G(A) nH = H{X). So Clifford theory ioi L < H and A G Irr(L) tells us 
that induction is a bijection of lii{H' \ X) onto Irr(ff | A), and that the inverse bijection sends 
any 9 G \tt{II \ A ) to the unique 9x G 1xt{H' \ A ) lying under 9. Since L < N' < H' , while 
ip' = ipx ^ Irr(A^') lies over A and induces ip G Irr(A^), this bijection sends the subset Irr^H' \ tp' ) 
of Irr( H' \X) into Irr( H {ip) C Irr( H \ X). 

We know from for T' = T{X) that A is the restriction of C^^'^ G Lin(Z(r')) to L < Z(T'). So 
any character 9' G Irr( H' \ ^^-^ ^ ) lying under 9 lies over A, and thus must be 9x by Clifford theory. 
Because 9 lies over ip G Irr(A^ | A), its Clifford correspondent 9' = Ox lies over ip' = ipx- Hence 9' 
must be the unique element of Irr( H' \ ip' ) inducing 9. Thus the remaining two statements of the 
proposition hold when T' is a linear reduction of T. 
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A general T' is the last member T' = T„ in some linear reducing chain Tq = T, Ti, . . . , T„. Let 
Tj = {Gi, Ni,ipi) and Hi = Gi H H, for i = 0, 1, . . . , n. Since Tj is a linear reduction of Ti_i, for 
each i = 1,2, ... ,n, the above arguments tell us that induction is a bijection of Irr( Hi \ ipi) onto 
Irr(//j_i I ^pi-l ), and that the inverse bijection sends any 6'j_i S Irr(iJj_i | tpi-i ) to the unique 
9i € lTi{Hi I C^"^'^ ) lying under 6i-i. Composing these inductive bijections we see that induction 
is a bijection of lrr(H' \ ip' ) = Irr(i7„ | ) onto 1tt{H \ ip) = Irr(i?o | V'o)- Furthermore, the 
inverse bijection sends any 9 € Irr( H \ ip) to some 9^' € Irr( H' \ (^"^ ^ ) lying under 9. 

To complete the proof of the proposition we must show that any 9' G Irr( H' \ C^^') ) lying under 
9 belongs to Irr( H' \ tp' ) and induces 9. Since H' = Hn < Hn-i < • • • < Hq = H, we may choose 
characters 9i G Irr(i?j), for i = 0,1, . . . ,n, such that 9' = 9n < 9n-i ^ ■ ■ ■ < 9q = 9. It follows from 
(jHH) that C^^^ = C^'^°^ < C^^'^ < • • • < C^^"^ = C^^'^ < G'. Hence 9i lies in Irr(iJi | (^^-^ ) and under 
9i-i, for each i = 1,2, . . . ,n. By induction on i this implies that 9i lies in Irr( Hi \ ipi) and induces 
9i^i, for each i = 1,2, . . . ,n. Hence 9' = 9n lies in Irr( H' \ ^p' ) = Irr( ff„ | ipn ) and induces 9 = 9q. 
As we noted above, this completes the proof of the proposition. □ 

We call the character 9^' € Irr( H' \ ^p' ) defined in the preceding proposition the T' -correspondent 
of a given character 9 £ Irr( H \ ^lJ). 

Suppose that T' is a proper multilinear reduction of T, i. e., a multilinear reduction not equal 
to T. Then we may fix some L and A satisfying ^'A.l\i such that T(A) is a proper linear reduction 
of T, and T' is a multilinear reduction of T(A). In symbols, this says that 

(4.6) r(A) < T and T' e MLR(r(A)). 

We know from that L < Z(r(A)) and A = (C^^^^^^)l- Since T' is a multilinear reduction of 
T(A), we know from dUTJ) that Z(r(A)) < Z(r') and C^^^^^^ = (C^^'^)z(t(a))- Hence 

(4.7) L<Z{T') and A = (C(^'))l. 

The multilinear reduction T' is actually determined by its central character (^^'^'\ 

Proposition 4.8. The ambient group G' in any multilinear reduction T' = [G' , N' of T = 

{G, N, ip) is the stabilizer G{C^'^ ^) of the central character ^^-^ ^ for T' . The normal subgroup N' in 
T' is N((^^'^'^). The character ip' in T' is the unique irreducible character of N' lying both under 
tp G Irr(A^) and over C^^'). In this way T and ^C^') determine T' completely. 

Proof. We prove this by induction on the finite index [G : G'] of G' in G. If this index is 1, then 
G' = G and T' = T. In this case the proposition is trivial, since ip' = ip lies over = So 
we may assume that [G : G'] > 1, and that the proposition holds for all strictly smaller values of 
this index. 

Now we may fix L and A satisfying such that (|4.(ij) holds. The stabilizer G(("^^'-') of C^-^') in 
G normalizes L < G and fixes A = {(^'^ Hence it is contained in G{X). So G{C^'^ ^) is equal to 
[G{X)]{C^'^ )). Since T' is a multilinear reduction of T(A), and G(A) < G, the induction hypothesis 
tells us that [G(A)](C(^')) = G' . Thus G' is G(C^^'^). It follows that N' = G' n N is N{C^^'^). 

We may choose the subgroup H in Proposition l4.5l to be N. Then H' = G'CiH = N' . Furthermore 
ip and ip' are the only characters in Irr(A^ | ip) and Irr(A^' \ip'), respectively. So that proposition 
tells us that ip' is the unique character in Irr(A^') lying both over (^^^ ) and under tp. This completes 
the proof of the proposition. □ 
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We are not really going to need the rest of the results in this section, but they are too remarkable 
to omit. We start with 

Lemma 4.9. Suppose that T' = {G' , N' ,ip') is a subtriple of T = {G,N,7p), that L is a normal 
subgroup of G contained in Z(T'), and that A is the restriction of C^^ '' to L. Then the linear 
reduction T(A) is defined, and has T' as a subtriple. 

Proof. The normal subgroup N' in T' < T is contained in the normal subgroup N in T. So 
L < Z(T') < N' < N. The character ip' in T' < T lies under the character V in T. Hence 
A < (^(^') < ip' < ^. Thus L and A satisfy the conditions 1)3. and the linear reduction T(A) = 
(G(A),A^(A),V'a) is defined. 

The ambient group G' in T' fixes the central character (^C^') of that subtriple. Furthermore, 
G' <G normahzes L <G. So G' fixes the restriction A of C^"^'^ to L. Hence G' < G{X). It follows 
that N' = G' nN = G' n G{X) n N = G' n iV(A). Thus A^' < A^(A) < A^. Since the character 
■0' € Irr(A^') lies under ■0 € Irr(A^), there is some character (p € Irr(A^(A)) such that "tp' < (j) < ip. 
Then (p lies over A < -0') and so must be the A-Clifford correspondent Va of ip. Therefore T' is a 
subtriple of T{\), and the lemma is proved. □ 

One striking consequence of the above lemma is 

Proposition 4.10. // T' is a multilinear reduction of T, and is also a subtriple of some subtriple 
T <T , then T' is a multilinear reduction of T. 

Proof As usual, we set T = (G,iV,V), T' = {G',N',^') and f = {G,N,^). We shall prove the 
proposition by induction on the finite index [G : G']. If [G : G'] = 1, then G' = G and T' = T. 
Since T' <T <T, this forces T to equal T. So the proposition holds trivially when [G : G'] = 1. 

From now on we assume that [G : G'] > 1, and that the proposition holds for all strictly smaller 
values of [G : G']. We may choose L and A satisfying such that (|4.Hj) holds. We know 

from (ETj) that A is the restriction of C^^'^ G Lin(Z(r')) to L < Z{T'). Since T' < t, we have 
L < N' < N and X < tp' < ip. Furthermore, L < G is normal in G < G. Thus the linear reduction 
T(A) = (G(A), A^(A), ipx) is defined. Lemma with T in place of T, tells us that T' is a subtriple 
of T(A). Evidently G(A) is a subgroup of G(A). Hence N{X) is a subgroup of iV(A). The A-Clifford 
correspondent ipx of ip < ip must lie under the A-Clifford correspondent ipx of ip. Therefore r(A) 
is a subtriple of T{X). Now all the hypotheses of the proposition are satisfied with T(A) and T(A) 
in place of T and T, respectively. Since [G(A) : G'] < [G : G'], we know by induction that T' is a 
multilinear reduction of T(X). Therefore T' is a multilinear reduction of T, and the proposition is 
proved. □ 

When T' is a proper multilinear reduction of T there is a considerable choice of L and A satisfying 
(|3.1|) and (|4.6|) . Surprisingly, a canonical choice is possible. 

Proposition 4.11. Suppose that a multilinear reduction T' of T = (G,N,ip) is not equal to T. 
Let K he the G-core of Z{T'), and k he the restriction to K of (^'^ ^ € Lin(Z(T')). Then the linear 
reduction T{k) of T is defined and proper, and has T' as a multilinear reduction. 

Proof. Set T' = {G' , N' ,ip'). Clearly K = CoreG(Z(T')) is a normal subgroup of G contained in 
Z(T'). So Lemma EH tells us that T(k) is defined and has T' as a subtriple. Proposition 14.101 for 
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T = T(k) now says that T' is a multilinear reduction of T{k). So the only problem is to show that 
T{k) is a proper linear reduction of T, i.e., that G{k) < G. 

Since T' is not equal to T, there are some L and A satisfying such that (|4.6|) holds. Then 
L < Z(r') by ()4.7|) . Since L is a normal subgroup of G, this implies that L < K = CoreG(Z(T')). 
The restriction A of C^^') in (|4.7|) is also a restriction of k = (C^^'^)a'- Because L is normal in G, 
this implies that G{k,) < G{X) < G. So T(k) < T, and the proposition is proved. □ 

Obviously the above proposition can be compounded to obtain a canonical linear reducing chain 
from T to any multilinear reduction T' of T. If T' = T, then this chain consists only of Tq = T. 
Otherwise we let Ti be the canonical linear reduction T{k) in the proposition. Then T' is a 
multilinear reduction of Ti. If T' = Ti we stop. Otherwise we take T2 to be the canonical linear 
reduction obtained by applying the proposition with Ti in place of T. We continue in this manner 
until we arrive at T'. This must happen eventually, because T' < ■ ■ ■ < T2 < Ti < Tq = T hy 
construction, and our groups are all finite. 



5. Covers 

As in the introduction, we say that a subtriple T = (G, A^, ip) of our arbitrary triple T = 
{G,N,7p) £ T covers T modulo Z(T) if the subgroup G < G covers the factor group G/Z{T), in 
the usual sense that 

(5.1) G = GZ{T). 

In that case the subgroup G completely determines the subtriple T. 

Proposition 5.2. There is a one to one correspondence between all subgroups G < G covering 
G/ Z(T) and all subtriples T < T covering T modulo Z(T). Here two such G and T correspond if 
and only if 

(5.3) f={G,GnN,i;^^^). 

Proof. Suppose that G is a subgroup of G covering G/ 'Zi{T). Since Z(T) < < G, it follows from 
(EH) that Gn A is a normal subgroup of G such that A = (Gn A) Z{T). Because C^"^^ e Lin(Z(T)) 
is G- invariant, we may apply Proposition HHni with H = G n N, K = Z(r), and k = C^^^ to 
conclude that ^ G Irr( (G n A) Z{T) \ C^^^ ) restricts to an irreducible character ^q^^ of G D N. 
Hence the right side of (|5.3j) is a subtriple covering T modulo Z(T). 

Let T = {G,N,ip) be any subtriple covering T modulo Z{T). By the definition of subtriples 
G is a subgroup of G, while A" is the intersection G n A, and ip G Irr(A) lies under ^p G Irr(A). 
Furthermore, G covers G/ Z{T). As we saw in the preceding paragraph, this implies that ^l^J^ is an 
irreducible character of N. So ■i/'jy must equal its irreducible constituent "0- Therefore T satisfies 
(|5.3|) . and the proposition is proved. □ 

For the rest of this section we fix a subtriple T = {G,N ^ip) covering T modulo Z(T), as well as 
the objects G < G, iV = G n A and = V'^ in this subtriple. Since Z{T) < A < G, it follows from 
(|5.1I) that G = GA. Hence the natural embedding of G/A in G/A is an isomorphism 

(5.4a) e% : G/N ^ GN/N = G/N 
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of groups. Since ijj € Irr(iV) is the restriction ipfjoiip^ Irr(A^), this imphes that the character ip^ 
of G induced by -0 restricts to the character 

(5.4b) = (V^^)^ 

of G induced by -0. It follows that the kernel Ker(T') of ijj^ is the intersection 
(5.4c) Ker(f ) = G n Ker(r) 

of G with the kernel Ker(T) of -0*^) that the center Z(T') of "0*^ is the intersection 
(5.4d) z(r) = G n Z(T) 

of G with the center Z(T) of i/^^, and that the central character C,'^'^^ of is the restriction 
(5.4e) C(^) = (C(^))z(T) 

to Z(T') of the central character C^"^-' of ip'^ . Hence the factor group G/ Ker(T) is the central product 
of its subgroup G Ker(r)/ Ker(r) ~ G/Ker(T) with Z(r)/Ker(r) < Z(G/Ker(r)). This has a 
number of consequences, which we shall describe in terms of G instead of G/Ker(r). 

The equations 1)5. If) and H5.4d|l imply that inclusion G ^ G induces an isomorphism 

(5.5a) i^: G/Z(r) ^G/Z(T) 

of factor groups, sending any coset a G G/ Z(T) to its product 

(5.5b) z|(a) = az(r) E G/z(r) 

with Z(T). In order to exploit this isomorphism we define ZG(r) to be the family 
(5.6) ZG(r) = {H\ Z{T) <H<G} 

of all subgroups of G containing Z{T). Of course, this family is defined for any triple T € T, so 
that ZG(r) is the family of all subgroups of G containing Z(T). The subgroups of the factor group 
G/ Z(T) are just the H/ Z(T) for H € ZG(T). Under the isomorphism these correspond one to 

one to the subgroups H/ Z(T) of G/ Z(T), for H G ZG(T). The resulting bijection of ZG(T) onto 
ZG(r) sends any H G ZG(r) to 

(5.7a) H = H Z{T) e ZG{T) 

The inverse bijection sends any H G ZG(T) to 

(5.7b) H = GnH eZG{f). 

Clearly the latter bijection sends G G ZG(r) to G G ZG(f ), and N G ZG(r) to iV = G n G 
ZG(T). In view of (|Od|) it also sends Z{T) G ZG(r) to Z{T) = G n Z{T) G ZG(r). 

If iif G ZG(T) corresponds to H = HZ{T) G ZG(T), then we may apply Proposition II. lUl with 
Z(r) and its G-invariant linear character (^^-^^ in place of K and k, respectively. Since (^^^^ is the 
restriction (tO^ of C^^) to Z(r) = Hr\ Z(T), that proposition gives us a bijection of Irr( H \ (^^'^^ ) 
onto Irr(^ | C^-^^ ), sending any cj) G 1vt{H \ C,^'^^ ) to its restriction 

(5.8a) = 0^ Glrr(^ I C^^^). 

The inverse bijection sends any (j) G Irr( H \ ("^-^^ ) to the character 
(5.8b) = 0* C^^^ e Irr( H \ Q^^^ ), 
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whose value at ar H 7j{T) = H is 

(5.8c) (0 * C^^^)(f^T) = (^(cj)C^^)(t) G C, 

for any a & H and r G Z(T). It follows from (|5.3() that the former bijection for H = N sends 
i} e 1tt{N I C^^^ ) to = ^ I C^^^ )• That same bijection for H = Z{T) sends ^^^^ in 

Irr(Z(r) I ((^^ ) to C^^) = (C^^^)z(f) e Irr(Z(^) I C^^^ ) by (lOa . 

Characters which correspond in (|5.8|) have stabilizers which correspond in (|5.7j) . 

Proposition 5.9. Suppose that H S ZG(T) corresponds to H ^ ZG(T) in (|5.7() . anc? i/iai i?i> € 
Irr(i7 | Q^'^^ ) corresponds to (f> € lnc{H \ ("(-^^ ) in (|5.8() . T/ien t/ie stabilizer G{((>) belongs to ZG{T), 
and corresponds to G{$) = G n G{(j)) G ZG(r) in ((SHJ. 

Proof. The stabilizer G(</>) is a subgroup of G containing the domain H of (j). Hence it contains 
Z(T) < H. Therefore G(0) belongs to ZG(r). 

Any element cr ^ Gr\ G{(/)) normalizes both G and H = Dom(</>), and so normalizes H = G (1 H . 
Because a fixes (p ^ Irr(/f), and normalizes H < H, it fixes the restriction (p = (p^. Thus any 
a G GnG((/>) lies in (5((^). 

Conversely, any element r G G((/)) belongs to G and normalizes H = Dom((/)). So it normalizes 
the product H = H Z(T) of H with Z(T) < G. Because r fixes both (p and the G-invariant character 
C^^), it fixes (p = 4>* C^'^) by Thus any r G G{(p) lies in G PI G(^), and the proposition is 

proved. □ 

We may apply the preceding proposition with H = N G ZG(T) and (p = if) (z Irr( | C,'^'^'> ). 
Then H = G Ci N = N and (p = ipj^ = ip. So the above proposition tells us that G{tl)) G ZG(r) 
corresponds in (|5.7|) to G{ip) G ZG(T'). In this case (|5.7a() is 

(5.10a) G(^) = G(V')Z(T). 

Since Z(r) < A < G{ip), it follows that 

(5.10b) G{ip) = G{'ip)N. 

We define ZST(r) to be the family of ah subtriples T' = (G', A', ^j') of T such that 
(5.11a) Z(r) < G'. 

Because A^ contains Z(T), this inclusion implies that 
(5.11b) z(r) < G' n A = A'. 

In view of Proposition I2.1UI it also implies that 

(5.11c) Z(T)<Z(T') and C^^) = (c(^'))^(^^. 

Since ip' restricts to a multiple Tp'{l)C^'^ ^ of the linear character d^^'^ ^ on Z(T'), it follows that 

(5.11d) (V.')z(T)=V''(l)C^''^. 

Of course the above definition applies with any triple in T in place of T. In particular, ZST(T) 
is the family of all subtriples T' of T such that the ambient group G' in T' contains Z(r). 
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Proposition 5.12. There is a one to one correspondence between all subtriples T' £ ZST(T) and 
all subtriples T' G ZST(T). Here two such T' = {G' , N' ,xp') and T' = {G' ,N\iIj') correspond if and 
only if the subgroups G' , N' E ZG(T) correspond respectively to G',N' G ZG(T) in H5.7|) . while the 
character ip' € Irr( A^' | C^^^ ) corresponds to ip' € Irr(iV' [ ^^^^ ) in ()5.8() . 

Proof If T' = {G',N',i;') lies in ZST(r), then implies that G' < G belongs to the family 

ZG(r) in (ESI). So G' corresponds to G n G' G ZG(r) in ((S3). Similarly, (l5lTbl) imphes that 
iV' < G' belongs to ZG(r), and corresponds to G Ci N' < G n G' in (f^ . The character ip' lies in 
Irr(iV' I C^'^^ ) by ()5.11d|) . and corresponds to (^OcnAf' ^ IrrCG n N' \ (^^^ ) in (|5^ . Hence the 
triple f ' = (G n G', G n A^', V^cnTV') lies in 1. 

Evidently G Ci G' is a subgroup of G. Because is G fl A^, and A^' is G' fl A^, the intersection 
{GnG')nN is equal to Gn A^'. Since ip' € Irr(Af') lies under ip G Irr(A^), its restriction (^'OcnAf' ^ 
Irr(GnA^') lies under ^ = ip^ G Irr(A^). Therefore T' is a subtriple of T = (G, A^, ^). This subtriple 
belongs to ZST(f ), since its ambient group G n G' G ZG(r) contains Z(f ) = G n Z(r) by (OdT) 
and (|5.11a)l . Furthermore, it corresponds to T' in the sense of the present proposition. Thus any 
triple T' G ZST(r) corresponds, in the present proposition, to a unique triple T' G ZST(T'). 

Now let T' = (G' , N' ,ip') be an arbitrary triple in ZST(T). Since G' < G contains Z(r), it lies 
in ZG(T), and corresponds to G' Z{T) G ZG(r) in (|5.7|) . The normal subgroup A^' < G' contains 
Z(T) by ()5.11b|) for T' G ZST(T). Hence it lies in ZG(T), and corresponds to the normal subgroup 
N'Z{T) < G'Z(r) in ((LZJ. The character ^' lies in Irr( AT' | C^"^^ ) by KTu^ for f' G ZST(f). It 
corresponds to V^'+C^"^^ Glrr(iV'Z(T) | C^^M in (|EH1)- So the triple T' = (G" Z(r), iV' Z(r), ^'*C(^)) 
lies in T. 

The product G' Z{T) is a subgroup of G. Because A^ G ZG(r) corresponds to A^ = NZ{T) in 
(EZI), the intersection N' = G' Ci N < G' has G" Z(r) n A^ as its correspondent N' Z{T). Since 'ip' 
lies under ^, it is clear from (|5.8c() that 'ip' * C,^'^'^ lies under the correspondent ip = tp * (^^"^^ of 'ip . 
Thus T' is a subtriple of T. This subtriple lies in ZST(T), since its ambient group G' Z{T) contains 
Z(T). By construction it corresponds to T' in the sense of the present proposition. Therefore any 
triple T' G ZST(T) corresponds, in the present proposition, to a unique triple T' G ZST(T), and 
the proof of the proposition is complete. □ 



Notice that the correspondence in the above proposition satisfies 

Lemma 5.13. If T' £ ZST(T) corresponds to T' G ZST(T) in Proposition \5.1Sl then T' is a 
subtriple covering T' modulo Z(T'). Furthermore, Z(T') lies in ZG(T), and corresponds to Z(T') G 
ZG(f') in ((S3). Finally, (^'^'^ lies mIrr(Z(r') j C^^^ ), and corresponds to C^^'^ G Irr(Z(f") j C^^^ ) 
in 

Proof Let T' be (G', A^', ip'), and f' be (G', N' , i;'). The correspondent G" = G n G' of G' in ((pj 
is a subgroup of G'. The correspondent A^' = G n A^' of A^' = G' n A^ is the intersection G' n A^ of 
G" = GnG' with iV = GnA^. The correspondent Tp' = {ip')j^, G Irr(Ar') of V^' G Irr(A^') in ((HK) lies 
under ip' . Hence T' is a subtriple of T'. Evidently G' covers its correspondent G' = G' Z{T) modulo 
Z(T). Because Z(T) < Z{T') by (|5TT7^ . this imphes that G' covers G' modulo Z(T'). Therefore 
the subtriple T' covers T' modulo Z(T'). 
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We know from (jS-llcj) that the subgroup Z(T') of G' < G contains Z(T), and hence belongs to 
the family ZG(T) in ()5.6() . The equation H5.4d|) . for the subtriple T' covering T' modulo Z(T'), 
implies that 

z(T') = G' n z(r') = (G n G') n z(r') = G n z(t'). 

Thus Z(r') G ZG(r) corresponds to Z(T") G ZG(r) in (ITTj) . 

By (|5.11c|) the linear character (^(^') extends C^"^\ ^-^icl hence lies in Irr(Z(T') | C,^'^^ ). Since T' 
covers T' modulo Z(T'), we know from ()5.4e() that is the restriction (C''"^''')z(t' )' "^^lich is the 
correspondent in Irr(Z(T") | (^^^^ ) of (^(^') in H5.8|) . Therefore the lemma holds. □ 

Now we can show that the correpondence of subtriples in Proposition 15.121 preserves linear 
reductions. 

Proposition 5.14. // T' £ ZST(T) corresponds to T' G ZST(T) in Proposition \5.1^ then any 
linear reduction of T' lies in ZST(r) and corresponds to some linear reduction of T' . Similarly, 
any linear reduction of T' lies in ZST(T) and corresponds to some linear reduction of T' . 

Proof Let T' be (G',iV, and f' be {G',N',i}'). By and Proposition EH any linear reduc- 
tion of T' has the form 

r'(A') = (G'(A'),iV'(A'),(V')A'), 

for some L' and A' satisfying 

L' < G\ Z(r') <L'<N' and C^^'^ < A' G Lin( \L'). 

The stabilizer G'(A') contains the domain L' of A'. So it contains Z(T') < L' . Since Z(r) < Z{T') 
by (jS.llcf) . this implies that Z{T) < G'(A'). Hence the subtriple T'(A') of both T' and T lies in 
ZST(T). 

All the subgroups G', N' and Z{T') of G contain Z(T) by KTT\\ . So they ah lie in ZG(r). Since T' 
corresponds to T' in Proposition l5.12| the subgroups G' and A^' correspond to G' = GdG' G ZST(T) 
and N' = G f] N' ZST(T), respectively, in ()5.7() . Furthermore, Z{T') corresponds to Z(T') = 
GnZ(r') by Lemma lS.lcil It follows that the normal subgroup L' of G' satisfying Z(T') < L' < N' 
lies in ZG(T), and corresponds in (|5.7|) to a normal subgroup L' = GCiL' G ZG{T) of G' satisfying 
Z(T") < L' < iV'. 

The linear character A' of L' extends C^'^\ and hence extends C^'^^ = (C''"^^)z(T) (see (|5.11c|) ). 
So A' belongs to Irr(L' | (^^^^ ). Its correspondent in (|5.8j) is its restriction to a linear character 
A' = (A')^, G Irr(L' | ("(^^ ) of L' . The restriction A' lies under the correspondent ip' = (^')iv' °^ 

^ irr(A^'), since A' lies under ip' . Thus L' and A' satisfy the equivalent of ()3.1|) for the triple T'. 
Hence the linear reduction 

r'(A') = (G'(A'),iV'(A'),(^')A') 

of T' is defined. 

Proposition 15.91 for H = L' and (f) = X' tells us that G(A') belongs to ZG(T) and corresponds 
to G(A') G ZG(T) in (|5.8j) . Since G' and A^' correspond to G' and A^', respectively, it follows 
that G'(A') = G' n G(A') corresponds to G'(A') = G' n G(A'), and that N'{X') = N' D G(A') 
corresponds to N'{X') = iV' n G(A'). Because (V'Oa' G Irr(A^'(A')) lies over A' G Lin(L' | C^^^ ) 
and under ^/;' G Irr( A^' [ C^-^^ ), it belongs to Irr( A^' | ("(^^ ), and corresponds in (|5.8|) to the unique 
irreducible character of G'(A') lying over the correspondent A' G Irr(L' j C^^^ ) of A', and 
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under the correspondent •i^' S Irr(iV' | C*-"^-* ) of ip' . We conclude that T'(A') G ZST(T) corresponds 
to r'(A') G ZST(r) in Proposition 15.121 Thus the first statement of the present proposition is 
proved. The remaining statement is proved similarly, using the fact that all our correspondences 
are one to one. □ 

Our correspondences send multilinear reductions to multilinear reductions. 

Proposition 5.15. Any multilinear reduction of T lies in ZST(T), and corresponds in Proposition 
\5.1^ to some multilinear reduction of T. Similarly, any multilinear reduction of T lies in ZST(r), 
and corresponds to some multilinear reduction of T. 

Proof. By definition any multilinear reduction T' of T is the last triple T' = r„ in a finite linear 
reducing chain Tq = T, Ti, . . . , T„ of subtriples of T, where each Tj, for i = 1,2, ... ,n, is a linear 
reduction of its predecessor Tj-i. The initial triple Tq = T in this chain lies in ZST(r), and 
its correspondent Tq in Proposition I5.12| is precisely T. Suppose that Tj-i lies in ZST(T), for 
some i = l,2,...,n, and corresponds to € ZST(T'). Then Proposition 15.141 savs that the 
linear reduction Tj of Tj_i lies in ZST(T), and corresponds to a linear reduction Tj G ZST(T) of 
Tj-i. By induction we deduce that all the Tj, for i = 0,1, ... ,n, lie in ZST(r), and that their 
correspondents Tj in ZST(T) form a linear reducing chain Tq = T,Ti, . . . , Tn, whose last triple Tn 
is the correspondent T' of T' = Tn & ZST(r). Thus T' is a multilinear reduction of T', and the 
first statement of the proposition is proved. The other statement is proved similarly. □ 

Finally, our correspondences send linear limits to linear limits. Since this is the result we shall 
need in the next section, and its proof has involved many steps, we state it as 

Theorem 5.16. Suppose T is a suhtriple covering some T E T modulo Z{T). Then the linear 
limits of T lie in ZST(T), and correspond one to one in Provosition \5.1'A to the linear limits of T. 
If T' E LL(T) corresponds to T' G LL(T) in this fashion, then T' is a suhtriple covering T' modulo 

z(r'). 

Proof. Any linear limit T' of T is a multilinear reduction of T. Proposition 15.151 tells us that 
T' lies in ZST(T), and that its correspondent T' G ZST(T) in Proposition 15.121 is a multilinear 
reduction of T. By Proposition 15. 14l anv linear reduction T" of T' lies in ZST(r), and corresponds 
in Proposition 15.121 to some linear reduction T" of T' . Any such T" must equal the linear limit T' 
of T. Hence any linear reduction T" of T' must equal T' . So T' is a linear limit of T. 

The above argument shows that any linear limit of T lies in ZST(r), and corresponds in Propo- 
sition 15.121 to some linear limit of T. A similar argument shows that any linear limit of T lies in 
ZST(T), and corresponds to some linear limit of T. Thus the linear limits of T correspond one to 
one to those of T in Pr op osition 15 . 1 2l The remaining statement in the theorem is a special case of 
the first statement in Lemma 15.131 □ 

6. Equivalence 

We say that two subtriples T' and T" of our arbitrary triple T = {G, N,ip) G T are equivalent 
(and write T' ~ T") if there is some finite chain Tq, Ti, . . . , T„ of subtriples Tj < T, starting with 
Tq = T' and ending with T„ = T" , such that, for each j = 1, 2, . . . , n, at least one of the following 
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conditions is satisfied: 

(6.1a) [Tj-iY = Tj, for some r € A^, or 

(6.1b) is a subtriple covering Tj modulo Z(rj), or 

(6.1c) Tj is a subtriple covering Tj^i modulo Z(Tj_i). 

We call any such chain an equivalence chain from T' to T". Clearly ~ is an equivalence relation 
among subtriples of T. 

The notion of equivalent subtriples depends upon T, since each member Tj in the above equiva- 
lence chain must be a subtriple of T, and the conjugation in (|6.1a|) is by an element r of the normal 
subgroup in T. We sometimes speak of T-equivalence and T-equivalence chains to emphasize 
this dependence. We do so in 

Proposition 6.2. If T = {G, N, ijj) is any subtriple of T , then any T-equivalent subtriples T' and 
T" of T are also T-equivalent subtriples of T. 

Proof. There is some T-equivalence chain Tq, Ti, . . . , T„ from T' to T". To prove the proposition we 
need only show that these Tj also form a T-equivalence chain from T' to T". Each Tj is a subtriple 
of T, since Tj < f and f < T. The chain starts with Tq = T', and ends with T„ = T". For each 
j = 1,2, ... ,n, one of the conditions 1)6. 1|) holds with T in place of T. Since iV is a subgroup of 
N, the condition (|6.1a|) for T implies the same condition for T. The other two conditions ()6.1b|) 
and (|6.1c|) do not depend on T. So Tq, Ti, . . . , T„ is a T-equivalence chain from T' to T" , and the 
proposition is proved. □ 

As a general rule, however, we only speak of equivalence and equivalence chains, with T being 
understood, as in 

Proposition 6.3. // two subtriples T' and T" of T are equivalent, then any linear limit T' of T' 
is equivalent to some linear limit T" of T" . 

Proof. We use induction on the length n > of an equivalence chain Tq, Ti, . . . , T„ from T' to T" . 
If n = 0, then T' = Tq = T„ = T", and the proposition is trivial. So we may assume that n > 0, 
and that the proposition holds with T„_i in place of T" = T^. Then any linear limit T' of T' is 
equivalent to some linear limit T„_i of T„_i. 

One of the three conditions (|6.H) holds with j = n. If (|6.1aj) holds, then (T„_i)'^ = T„, for some 
T € N. Proposition 14. .SI tells us that conjugation by r sends T„_i € LL(T„_i) to some linear limit 
f" = {fn-iY of T" = Tn. If (|6lHl) holds, then the subtriple T„_i covers T„ modulo Z(T„). In 
that case Theorem 15.161 savs that T„_i S LL(T„_i) is a subtriple covering some linear limit T" of 
T" = Tn modulo Z(T"). That theorem also applies when (|6.1cj) holds, i. e., when the subtriple 
T„ covers T^-i modulo Z(T„_i). In that case it says that some linear limit T" of T" = T„ is a 
subtriple covering T„_i € LL(T„_i) modulo Z(Tn-i). In each of the three cases T„_i is equivalent 
to a linear limit T" of T" . So T' ~ T„_i is equivalent to T" , and the proposition is proved. □ 

In the language of the present section the Main Theorem in the introduction can be stated as 
Theorem 6.4. All linear limits of any triple T = (G, N,%Ij) G T are equivalent. 

Proof. We prove this theorem by induction on the order |G| of the finite group G. If |G| = 1, then 
the only possible linear limit of T is T itself. In this case the theorem is trivial. So we may assume 
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that |G| > 1, and that the theorem holds for all strictly smaller values of |G|. We may also assume 
that the theorem does not hold for T. We divide the rest of the proof into a number of steps, all 
based on these assumptions. These steps will lead to a contradiction, thus proving the theorem. 

Step 1. T i LL(r). 

Proof. If T € LL(T), then the only possible linear reduction of T is T itself. So T is the only 
member of LL(r). Thus the theorem holds trivially in this case, contradicting our assumptions. 
This contradiction proves the present step. □ 

Let C be the family of all subgroups L satisfying 
(6.5a) L<G, Z{T)<L<N, and Lin(V'|L)/0, 

where is the usual empty set. For each L G £ we define LL(T | L ) to be the non-empty subset 
(6.5b) LL(r|L)= IJ LL(r(A)) 

AeLm(V'IL) 

of LL(T). Then we have 

Step 2. LL(T) = \J^^^LL{T \ L). 

Proof. We only need show that any T' € hh{T) belongs to the subset LL( T \ L) Q LL(T), for some 
L G C. The linear limit T' of T is different from T by Step^ It follows that there is some finite 
linear reducing chain Tq, Ti, . . . , T„, from T = Tq to T' = Tn, such that n > 0, and each Tj, for 
z = 1, 2, . . . , n, is a proper linear reduction of Tj_i. In particular, T' is a linear limit of the proper 
linear reduction Ti of T. By Propositions 13.91 and ITTI there exist some L satisfying 1)6. 5a() . and 
some A G Lin(i/) | L), such that Ti = T(A). Then T' G LL(T(A)) belongs to the subset LL(T | L) 
in (|6.5b|) . and the present step is proved. □ 



Our induction hypothesis will give 
Step 3. If L ^ C, then any T',T" G LL(T | L) are equivalent. 



Proof. By ()6.5b|) any triples T' and T" in LL(T | L) are linear limits of T{X') and T(A"), re- 
spectively, for some A', A" G Lin(V' | L). Since ip is an irreducible character of A^, Clifford 
theory for L < N tells us that A" = (A')"^, for some t ^ N. So {T'Y is a linear limit of 
r(A") = T{{\'Y) = T{\'Y. By Proposition Ei the inclusion Z(r) < L in lIH^^ implies that r(A") 
is a proper linear reduction of T. Hence the ambient group G{\") in T{X") has order |G(A")| < \G\, 
by that same proposition. Our induction hypothesis tells us that the two linear limits {T'Y and 
T" of r(A") are T(A")-equivalent. Proposition 16.21 implies that they are T-equivalent. Therefore 
T' ~ {T'Y ~ T" , and this step is proved. □ 



Another useful observation is 
Step 4. If L,K e C satisfy K < L, then LL{T \ L) CLL{T \ K). 



Proof. By ()6.5b|) any T' G LL(T [ L) is a linear limit of r(A), for some A G Lin(?/^ \ L)- Then 
K = Xk lies in Lm{ip \ K), so that T{k,) is defined. Proposition 13. Ill tells us that T(A) is also the 
linear reduction [T(k)](A) of T{k). Hence its linear limit T' is also a linear limit of T{k), and so 
lies in LL(T \ K). Thus the present step holds. □ 
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As a consequence of the preceding two steps we have 

Step 5. // Z(r) < Lr\M, for some L,M G £, then T' ~ T" , for any T' £ LL{T \ L) and 
T" G LL(r I M). 

Proof. The intersection K = Lr\ M \s a, normal subgroup of G contained in A^, since both L and 
M are such subgroups. Any character in the non-empty set Lin( if) \ L) restricts to a character 
in Lin(^ I AT). Since Z(T) < A by assumption, we conclude that A belongs to C Now Step|lJ 
for both A < L and a: < M, implies that both T' G LL(r | A) and T" G LL(r | M) belong to 
LL(T I A). So T' ~ T" by Step 01 and the present step is proved. □ 

Since the theorem is false for T, there exist two linear limits T' and T" of T such that 
(6.6a) T' rf T". 

In view of Step HI there are two subgroups L, M satisfying 
(6.6b) L,MeC, r'GLL(T|A), and r"GLL(r|M). 

Then (|6^ gives us two linear characters A, fx such that 

(6.6c) A G Lin( ^ \ L), G Lin( ip\M), T' G LL(T(A)), and T" G LL(T(/i)). 

For the rest of the proof of the theorem we fix T', T" , L, M, A, and /i with these properties. 

Step 6. The intersection L D M is Z{T). Both A G Lin(L) and fj, G Lin(M) restrict to (^'^^ on 
Z(T). 

Proof. Suppose the LnM 7^ Z(T). The subgroup A G £ contains Z{T) by (|6.5a|) . So do M and the 
intersection LCiM. Hence Z(T) < ARM. By StepElthis implies that T' G LL(T | A) is equivalent 
to T" G LL(T I M), contradicting (|6.6aj) . This contradiction proves the first statement in this 
step. The other statement follows immediately from the last statement in Proposition \^.7i □ 

By 1)6. 5a() both A and M are normal subgroups of G contained in A^. Hence their commutator 
[A,M] is contained in their intersection A n M, which we have just seen to be Z(T). So A and M 
satisfy (|2.4a|) . and 1)2. 4b|) defines a G- invariant, bilinear function c from A x M to C^. 

Step 7. The perpendicular subgroup 

= {a eM \ c{L,a) = 1} 

to A with respect to the form c is a normal subgroup of G contained in M < N . It is also the 
stabilizer M(A) 0/ A G Lin(A) in M. 

The similar perpendicular subgroup M"*" to M with respect to c is a normal subgroup of G 
contained in L < N, and equals the stabilizer L{^) of /x in A. 

Proof. The bilinearity (|2.4c() of c implies that A-*- is a subgroup of M < N . This subgroup is normal 
in G, since A and M are normal subgroups of G, and c is G-invariant by (|2.4d|) . 

The commutator [/), a] = p^^a^^pa is equal to p^^p'^ , for any p £ L and a G M. Both p and p'^ 
lie in A < G. Furthermore, A G Lin(A) extends C*-^^ by SteplHl It follows that 

c{p,a) = C(^)([p,a]) = X{p-^pn = X{p)-'X--\p). 

Hence c{p, a) = 1, for all p G A, if and only if A°" ^ = A. This just says that A-*- is equal to M(A). 
Thus the first paragraph of this step is proved. The other paragraph is proved similarly. □ 
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Now we can construct two new members of £. 
Step 8. The two products LM{\) and L{jjL)M belong to C. 

Proof. The subgroup L G /3 is normal in G and contained in N by (|6.5a|) . The subgroup Af(A) = L"*" 
is normal in G and contained in N by Stepd Hence their product LM{\) = M{\)L is a normal 
subgroup of G contained in A^. The strict inclusion Z(T) < L in (|6.5aj) implies that Z(T) < LM{X). 

We must show that Lin( ip \ LM{\) ) is not empty. In view of Proposition 11141 this happens if 
and only if [LM(A), -LM(A)] is contained in Ker(T). Because L and M(A) are normal subgroups of 
G, we have 

[LM{X),LM{\)] = [L,L][L,M(A)][M(A),M(A)]. 
The factor [L, L] is contained in Ker(T) by Proposition since Lin( ijj \ L) has an element A. The 
linear character ("^^^ sends the factor [L, M{\)] to c(L, M(A)), which is 1 since M(A) = L"*- by Stepd 
Hence [L,M(A)] is contained in Ker(r) = Ker(C('^)). Finally, the factor [M(A),M(A)] is contained 
in [M, M], which is a subgroup of Ker(T) by Proposition 13.41 since lies in Lin(^ \ Thus 
each factor in the above product is contained in Ker(T), and the proof that Lin(^/^ | LM{\) ) 7^ 
is complete. 

The above arguments show that LM{\) satisfies all the conditions for L in (|6.5aj) . and hence 
belongs to C The proof that L{p,)M € C is similar. □ 

At this point things simplify drastically. 
Step 9. Both M(A) and L{fi) are equal to Z(T). 

Proof. Clearly Z(T) = L n M is contained in M, and fixes A G Lin(L). Hence Z{T) < M(A). 
If Z(r) < M(A), then Z{T) < M n LM{X). Because LM(A) G £ by Step E there is some 
T'" G LL(r I M(A)L). Step El now tells us that T" G LL(r | M) is equivalent to T'" . That 
step also tells us that T'" is equivalent to T' G LL(T | L), since Z(T) < L = M{X)L n L. Hence 
T" ~ T'" ~ T', contradicting (jHSaj). This contradiction proves that M(A) = Z{T). The proof that 
L(;u) = Z(T) is similar. □ 

Now we can construct some covering subtriples. 
Step 10. Both G{fj,)L and G{X)M are equal 
(6.7a) G{fx)L = G = G{X)M 

to G. Hence G{X,fi)L is G{X), and 

(6.7b) f = (G(A, iV(A, /x), (^a)^(a,m)) 

is a subtriple covering T{X) modulo Z(T(A)). Similarly, G(/i) is G{X, fi)M , and 

(6.7c) f " = (G(A, fi), NiX, 11), (Vm)^(a,m)) 

is a subtriple covering T{^) modulo Z{T{^)). 

Proof. Steps El and El imply that Z(T) = L{^) = M^, and Z{T) = M{X) = L^. Since c is bilinear, it 
follows that the factor groups L/ Z(T) and M/ Z(T) are abelian, and that c induces a non-singular 
bilinear pairing c of (L/ Z(r)) x (M/ Z{T)) into . So L/ Z(r) and M/ Z{T) are dual finite abelian 
groups. In particular, they have the same order 

[L : Z(r)] = [M : Z{T)]. 
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The linear character ^ of M extends (^^'^^ € Lin(Z(r)) by Step IHl Since M/Z{T) is abehan, 
it follows that Lin(M | C^^^ ) = Irr(M | C^^^ ) consists of [M : Z{T)] distinct extensions of C^"^^ 
to linear characters of M. Because G normalizes M, and leaves C^"^^ invariant, it permutes these 
extensions among themselves by conjugation. So does the subgroup L < G. The L-orbit of 

G Lin( M I C^^) ) under this action has order 

[L : L(^)] = [L : Z(T)] = [M : Z(T)] = |Lin(M | C^^^)], 

since L(^) = Z(r) by StepEJ Hence this L-orbit is all of Lin( M \ (^'^^ ). In particular, this L-orbit 
is also the G-orbit of /i. This implies the first equation in (|6.7a|l . The other equation there is proved 
similarly. Thus the first statement of this step holds. 

The subgroup L < G fixes its own character A, and so is contained in G{X). This and the first 
equation in ()6.7a|) imply that G(A) is the product G{\, n)L of G(A, fj.) = G{X) fl G{fi) with L. The 
A-Clifford correspondent ipx € Irr(A^(A) | A) restricts to a multiple of A G Lin(L). So Proposition 
ESI with T(A) = (G(A),iV(A),VA) in place of T, tells us that L < Z(T(A)). Hence 

G(A) = G(A,/i)L = G(A,/i)Z(r(A)). 

Now we may apply Proposition 15.21 with T(A) and G{\,fi) in place of T and G, respectively, to 
obtain the second statement of the present step. The final statement is proved similarly. □ 

Step 11. The two irreducible characters {ip\)N(\,fi) ^i^-d (^^)Af(A,/i) N{X,fi) are equal. Hence 
the two subtriples T' and T" in Stev \l(A are equal, and the two linear reductions T(X) and T{fi) are 
equivalent. 

Proof. Since N{p) contains M = Dom(;u) < N, it follows from the second equation in 1)6. 7a() that 

N = Nr\ G{\)M = (iV n G(A))M = N{\)N{p). 

So N{X)N{fi) is the only iV(A), Af(^)-double coset in N, and the intersection N{X)nN{fj,) is A^(A, fi). 
Because both ipx & Irr(A^(A)) and tp^ G Irr(A^(/i)) induce ip G Irr(A^), Mackey's Formula gives the 
inner products 

1 = = ((Va)'^,(V'm)'^> = ((V'A)iV(A,^),(V'M)iV(A,.)> • 

But the characters {ipx)N{x,tJ.) ^^'^ (^M)N(A,/i) in the two triples (|6.7b|) and 1)6. 7c|) are both irreducible 
characters of A^(A,/u). So the fact that their inner product is 1 forces them to be equal. 

The two triples T' and T" already have the same ambient groups and normal subgroups. We 
have just shown that they have the same characters. Hence they are equal. In view of Step llUl this 
implies that the same subtriple T' = T" covers both r(A) and T{^) modulo their centers. So T(A) 
is equivalent to r(/z), and the present step is proved. □ 

We can finally finish the proof of Theorem 16.41 By Proposition 16.31 the equivalence r(A) ~ T[ii) 
in Step ^2 implies that the linear limit T" of T{^) in 1)6. 6c|) is equivalent to some linear limit T'" of 
r(A). This V" G LL(T(A)) belongs to the set LL(T | L ) in ^1^. So does T' by (lOEl). Th erefore 
T'" ~ T' by Step 01 Thus we have equivalences T" ~ T'" ^ T', which contradict (|6.6a|l . This 
contradiction completes the proof of Theorem 16.41 □ 
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7. Symplectic limits 



We're going to examine consequences of various restrictions on the normal section 

(7.1) N(r) = iv/z(r) 

of our arbitrary triple T = (G, A^, tp) G T, especially when T is linearly irreducible. Many of these 
consequences are standard steps in the Hall-Higman reduction. This is certainly true for 

Proposition 7.2. // N(T) is nilpotent, and T is linearly irreducible, then N(r) is abelian. 

Proof. Let M be the inverse image in N of the center Z(N(T)) of the nilpotent group N(T) = 
N/ Z(T). Then M is a normal subgroup of G such that 

Z(T) <M<N and M/ Z(T) = Z{N/ Z(T)). 

Because M/Z(T) is central in N/Z{T), the commutator [A^, M] is contained in Z(T). So the 
conditions (|2.4a|) are satisfied with L = N. Hence (|2.4b|) defines a G- invariant, bilinear function c 
from X M to . The perpendicular subgroup M"*- = { p & N \ c{p, M) = 1 } to M with respect 
to this function is a normal subgroup of G contained in A'^. Since c is bilinear, the factor group 
N/M-^ is abelian. So we can prove the proposition by showing that 

= Z(T). 

Suppose this is false. Proposition 1731 tells us that Z(r) = Z(T) n A^ < M^. Hence Z(r) < M^. 
So M"'"/Z(T) is a non-trivial normal subgroup of the nilpotent group N/Z{T). It follows that 
M^/Z{T) has a non-trivial intersection with M/Z{T) = Z{N/Z{T)). We conclude that L = 
M^nM is a normal subgroup of G such that Z{T) < L <N. Furthermore, [L, L] < [N, M] < Z(T), 
and C^'^\[L,L]) = c{L,L) < c{M^,M) = 1. Thus [L,L] is contained in Ker(C('^)) = Ker(r) (see 
(|2.2j) ). Since Z{T) < L, the last statement in Proposition 13.91 tells us that T is linearly reducible, 
contrary to our hypotheses. This contradiction proves the proposition. □ 

From now on we assume that N(r) is abelian. The group G acts on its normal section N(T) = 
N/ Z(T) by conjugation. Since N(r) is abelian, this induces an action of the factor group G/N as 
automorphisms of N(T), with the coset tN € G/N, for any t £ G, sending any coset a € N(T) = 

A^/z(r) to 

(7.3) a^^ = G N(r). 

The commutator [A'^, A^] is contained in Z(T), because [N/ Z(T), N/ Z(T)] = 1. Hence the conditions 
1)2. 4a() hold with L = M = N. So (|2.4b|) defines a G-invariant, bilinear function c = ct from N x N 
to C ^ , sending any p,a G N to 

(7.4a) cip,a)=C^'"\[p,a])eC\ 

As in ()2.6|) . this induces a G/A^-invariant, bilinear function c = ct from N(T) xN(T) to C^, sending 
the cosets pZ{T),aZ{T) £ N(T) = N/Z{T) to 

(7.4b) c(pZ(r),aZ(T)) = C^^\[p,a]) G C^ 

for any p,a £ N . This last bilinear function is clearly strongly alternating, in the sense that 

(7.4c) c(p,p) = l, 

for any p G N(r). It follows that it is alternating, in the sense that 

(7.4d) c{a,p) = c{p,a)-\ 
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for all p,a G N(r). 

Let H be any finite group. We need a short name for the situation consisting of a finite abelian 
iif-group A, together with an //-invariant, strongly alternating, bilinear function h: A x A ^ C^. 
Since h behaves much like an alternating bilinear form on a vector space, we shall call such an A 
and h a formed abelian H-group. Usually we just speak of "the formed abelian H-group A" with 
the bilinear form b = bj^ for A being understood. Notice that N(r) is a formed abelian G/A'"-group, 
with the action (|7.H|) and the bilinear form c in ()7.4b|) . whenever N(T) is abelian. 

The terminology associated with an arbitrary formed abelian i/-group A is adapted from that 
for bilinear forms on a vector space. Because the bilinear form b for A is alternating, the left and 
right perpendicular subgroups to any subgroup B < A coincide 

(7.5a) B^ = {peA \ b{p, B) = 1} = {a e A \ b{B, a) = 1 }. 

The i/-invariance of b implies that B-^ is an //-invariant subgroup of A whenever B is one. In 
particular, the radical 

(7.5b) rad(A) = A^ 

of A is an //-invariant subgroup of A. 

The form b is non-singular if rad(^) = 1. In this case A and b behave like a vector space with 
a symplectic form. So we say that A is symplectic if b is non-singular, and define a symplectic 
H-group to be a symplectic formed abelian //-group. When A is symplectic, its bilinear form 
b: A X A ^ is a duality of the finite abelian group A with itself. Hence b induces a duality 
between any subgroup B of A and the factor group A/B^. In particular, these two finite groups 
have the same order 

(7.6a) 1^1 = [A : B^]. 

It follows that B-^^ = (B^)^ has the same index [A : B^-^] = [A : B] in A as its subgroup B. 
Therefore 

(7.6b) B^^ = B 

when A is symplectic. 

A subgroup B of an arbitrary formed abelian //-group A is isotropic if b{B,B) = 1, i. e., if 
B < /?-*-. We say that A is H -anisotropic if 1 is the only //-invariant isotropic subgroup of A. 
Since rad(A) is always an //-invariant isotropic subgroup, any //-anisotropic yl is a symplectic 
//-group. Furthermore, any //-invariant subgroup B of A is also an //-anisotropic formed abelian 
//-group, with the restriction of b as its bilinear form. The intersection B n /?-*- in A is the radical 
rad(/?) = 1 of B. Since b is non-singular, this and 1)7. 6a() imply that A is the perpendicular direct 
product 

(7.7a) A = BxB^ 

of its two //-anisotropic subgroups B and B^. By induction it follows that ^ is a direct product 
(7.7b) A = Bix B2X ■■■ X Bk 

of pairwise orthogonal simple //-subgroups Bi, B2, ■ ■ ■ , B^, for some integer k >0. Notice that each 
simple //-subgroup Bi is an elementary pj-group, for some prime pi. So the Sylow p-subgroups of 
A are all elementary abelian p-groups when A is anisotropic. 

The importance of anisotropy for our formed abelian G/N-gioup N(T) is explained by the next 
step in the Hall-Higman analysis. 
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Proposition 7.8. // N(T) is abelian, then the G / N -invariant isotropic subgroups of N(r) = 
N/Z{T) are precisely the images LZ{T)/ Z(T) of the normal subgroups L of G contained in N 
such that [L,L] < Ker(r). Hence T is linearly irreducible if and only if N(r) is G/N -anisotropic. 

Proof. The G/A^-invariant subgroups of N(r) = N/ Z(T) are just the images L = LZ(T)/ Z(T) of 
the normal subgroups L of G contained in N. It follows from f^TA^i that c(L,L) = C^'^\[L,L]), 
for any such L and L. Hence L is isotropic if and only if [L,L] is contained in Ker((^(^)). This 
last group is Ker(T) by H2.2|) . Thus the first statement of the proposition holds. It implies the 
remaining statement by Proposition 13.91 □ 

When T is linearly irreducible, its G/A^-anisotropic formed abelian G/N-group N(r) is symplec- 
tic. So the following Hall-Higman result applies in that case. 

Proposition 7.9. // N(T) is a symplectic G/N-group, then ip vanishes on N — Z{T), and is a 
multiple of (^"^^ on Z{T). Hence ip is the only character in Irr( | (^'^^ ), and G{il)) is all of G. 

Proof. Suppose that p ^ N — Z[T). Then pZ{T) does not lie in the radical 1 of the symplectic 
G/iV-group N(r) = N/Z{T). In view of (ITihl) . this gives us some a e N such that C,^^\[p,cr]) = 
c{pZ{T),aZ{T)) / 1. Because C^^^ = (C^'^^)z(r) by ((233), it follows from ^ that 

^(p) = ^{p-) = i;{p[p,a]) = ^lj{p)C^^\[p,a]) = V(p)C(^) ([p, a]) e C. 

Since C^'^\[p,(j]) + 1, this forces V(/o) to be for ah p G iV - Z(T). 

Proposition 12.31 tells us that ■0 is a multiple '^(V)Cp'^ of the G-invariant character C}^"^^ on Z(T). 
We have just seen that '0 vanishes on — Z(T). Hence the induced character (C^^))-'^ is a multiple 
([A^ : Z(T)]/'0(1))'0 of 'i/'- This implies the rest of the proposition. □ 

In practice we apply the above considerations to various subtriples of T, rather than to T itself. 
Suppose that N(T') is abelian, for some subtriple T' = {G' , N' ,jp') of T. The natural embedding 
e^/ in (|2.8|) sends the factor group G' / N' isomorphically onto the subgroup 

(7.10a) E^, = e^,{G'/N') = G'N/N 

of G/N. We use this isomorphism to translate the action 1)7. 3() of G'/N' on N(r') to one of E^,. 
Under this translated action, the coset tN = e^, (rA^') G E^, sends any a E N(r') to 

(7.10b) a-^ = (T-^'=a-eN(r'), 

for any r e G'. Evidently the G'/A^'-invariant function c = ct' : N(T') x N(T') C is also 
-invariant. Thus N(T'), with the bilinear form c, is a formed abelian ii^^,-group. 

Suppose that A and A' are formed abelian //-groups, with associated bilinear forms bA and 6^', 
for some finite group H. By an isomorphism i of ^ onto A' as formed abelian iZ-groups we mean 
an isomorphism i of the group A onto A' which preserves the actions of H on those two groups, in 
the sense that 

(7.11a) i{a^) = i{aY G A', 

for any a ^ A and t ^ H^ and also preserves bilinear forms, in the sense that 

(7.11b) bA'{i{,p)^{,a)) = bA{p,a) G C^ 

for any p,a G A. If such an i exists, we say that the formed abelian //-groups A and A' are 
isomorphic. Clearly being isomorphic is an equivalence relation among formed abelian //-groups. 
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We're going to show that equivalence among subtriples T' of T impUes isomorphism between 
their associated formed abehan ii^|^,-groups. We first treat the case of A^-conjugate subtriples. 

Lemma 7.12. If t (z N , then the section N(T') is abelian, for some subtriple T' = {G' ,N' ^^ip') 
of T, if and only if N{(T'Y) is abelian. In that case both G' /N' and {G'Y / {N'Y have the same 
image E = E^, = Ejrp,y in G/N . Furthermore, conjugation by t is an isomorphism of N(T') onto 

N((T')'^) as formed abelian E-groups. 

Proof. Conjugation by r € < G^ip) sends the normal subgroup N' in T' to the normal subgroup 
[N'Y in {T'y. It sends Z(r') onto Z{{Ty) = Z{T'Y by (I2I2EI) . Hence it sends the factor group 
N(r') = N'/Z{T') isomorphically onto N((r')^) = {N'Y / Z{{T'y). In particular, N(r') is abelian 
if and only if N((T')'^) is abelian. 

Suppose that N(T') and N((T')'^) are abelian. Since r lies in N, we have 

Efj.,y = {G'fN/N = {G'Nf/N = G'N/N = E^,. 

Thus E = E'^, = Ejj.,y acts on both N(r') and N((r')^) via (17.1 Obi) . Any element of ^ = G'N/N 
has the form aN , for some a € G' . Because r lies va. N < G, the conjugate {cNY = a'^N is the 
same element aN of E. It follows that 

for any p E N(r'). So conjugation by r is an isomorphism of the group N(T') onto N((T')'^), 
preserving the actions of E on these two abelian groups. 

In view of (|2.12c|) . (|7.10b|) . and (|7.4b|) we have 

c(To^((/^z(TO)^(az(TO^) = c>).(/>^z((T'r),a-z((T'r)) = c«^')^)([p^cT^) = 

iC^'''^n[p,ar) = C^^'\[p,a]) = CT'ipZ{T'),aZiT% 

for any p,o' G N'. Therefore the E'-isomorphism a 1— > ct^ of N(r') onto N((r')'^) preserves bilinear 
forms, and the lemma is proved. □ 

Next we consider covering subtriples. 

Lemma 7.13. // a subtriple T' = {G\N',^') covers a subtriple T" = {G",N",i)") of T, then 
N(T') is abelian if and only if N(T") is abelian. In that case, G' /N' and G" /N" have the same 
image E = E^, = E^„ in G/N. Furthermore inclusion G' ^ G" induces an isomorphism i of 
N(T') onto N(T") as formed abelian E-groups. 

Proof. We may apply all the results in ^ with the present T' and T" in place of the T and 
T there. In particular, (|5.5al) tells us that inclusion G' ^ G" induces an isomorphism i^, of 
G'/Z{T') onto G"/Z{T") = G' Z{T") / Z{T"). This isomorphism sends N(r') = N' / Z{T') onto 
N(T") = N"/ Z{T") = N' Z{T")/Z{T"_), since A^" G ZG{T") corresponds to A^' = G' n A^" in KTl . 
Hence N(r') is abelian if and only if N(T") is abelian. 

Now assume that N(T') and N(r") are abehan. By ((LT)) we have G" = G'Z{T"). Since Z{T") < 
N" = G" n A^, it follows that E^„ = G"N/N = G' Z{T")N/N = G'N/N = E^,. 

We have already seen that the isomorphism z^, : a 1-^ aZ{T") of G' / Z{T') onto G" / Z{T") 
restricts to an isomorphism i of N(T') onto N(r"). Any element a of E = E^, = G'N/N has the 
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form aN , for some a £ G' . Since a also lies in G", and hence normalizes Z(T") < G" , it follows 
from (|7.inb|l that 

i{pn = i{pn = z{T") = {pz{T")r = 

for any p £ N(T'). Thus the isomorphism i of N(r') onto N(T") preserves the actions of E on these 
two abelian groups. 

We know from ()5.4e() that ("C^') is the restriction of C^^") to Z(T') < Z(T"). It follows from this 
and ()7.4b|) that 

CT'^z(TO,cTZ(r')) = c(''')([p,cT]) = c(''''^([p,^]) = CT"(i(pZ(r')),^(^z(r'))), 

for any p, c € N'. Therefore i preserves bilinear forms, and the lemma is proved. □ 

Putting the above two lemmas together, we obtain 

Theorem 7.14. // N(T') is abelian, for some subtriple T' of T , then so is N(r"), for any subtriple 
T" equivalent to T' . In that case both E^, and E'^„ are the same subgroup E of G/N. Furthermore, 
the two formed abelian E-groups N(T') and N(T") are isomorphic. 

Proof. By Lemma l7. 121 this theorem is true when T" is A^-conjugate to T' . By Lemma 17.131 it is 
true when T' covers T" , or when T" covers T' . An arbitrary triple T" equivalent to T' is obtained 
from T' in a finite series of equivalences, each of which is in one of these three cases. Since the 
theorem holds at each step in this process, and its conclusions are clearly transitive, this is enough 
to prove it in general. □ 

Now we can prove Theorem A of the introduction, in the form of 

Theorem 7.15. // N(r') is nilpotent, for some linear limit T' of T = {G^N^ip) G T, then it is 
naturally a G{ip)/N -anisotropic symplectic G{ip)/N -group. So is N(T"), for any other linear limit 
T" of T. Furthermore, N(T') is isomorphic to N(T") as symplectic G{tlj)/N -groups. 

Proof. Since the linear limit T' is linearly irreducible, and N(T') is nilpotent, Propositions 17.21 and 
17.81 tell us that N(T') is abelian and G'/A^'-anisotropic. So it is a symplectic G' /N'-group. Now 
Proposition 17.91 savs that G' = G'{ip'). In view of Proposition 14.41 this implies that G{ij))/N = 
G'{il)')N/N is the image E"^, = G'N/N of G' /N' in G/N. So N(r') is a G(V')/A^-anisotropic 
symplectic G(V')/A^-group, with the action (I7.inbl) of G{7p)/N = E^, on N(T'). 

By Theorem 16.41 anv linear limit T" of T is equivalent to T' . The rest of the present theorem 
follows from this and Theorem 17. 141 □ 

When N(r) is symplectic it is easy to classify the multilinear reductions of T. 

Proposition 7.16. // N(T) is symplectic, for some T = (G,N,ip) € T, then the map f : T' ^ 
(Z(r'), ^(-^ is a bisection of the set MLR(T) of all multilinear reductions of T onto the set 
£, = £(r) of all ordered pairs (L, A) satisfying 

L<G, Z{T) <L<N and AG Lin( L \ C'-^^ ). 

// {L,X) G £, then the linear reduction T(A) of T is defined. The resulting map g: {L,X) T{X) 
from £ to MLR(T) is the inverse bisection to f . Hence any multilinear reduction of T is a linear 
reduction of T. 
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Proof. Suppose that T' = (G' , N' ,ip') is a multilinear reduction of T. We have Z(T) < Z{T') < 
N' < N hy (jiH). Because N/Z{T) = N(r) is abehan, this imphes that N normahzes Z{T'). 
Propositions lOl and 17711 tell us that G'{ij')N = G{iIj) = G. Since G'{ip') normalizes Z(r') < G' , we 
conclude that Z(T') is a normal subgroup of G such that Z(T) < Z(T') < A'^. The linear character 
C^^') of Z(r') extends (^^^ £ Lin(Z(r)) by (jUl). Therefore (Z(r'), C^'^'^) belongs to £. So the 
function / : MLR(T) ^ £ in the proposition is defined. 

If (-^^, A) belongs to £, then there is some (p ^ Irr(A^) lying over A G Lin(L). Since (j) lies over 
(^(-^) < A, it must be the unique character -0 G Irr( | C^"^^ ) i^i Proposition 17.91 Hence X < ip, 
and the linear reduction T(A) is defined. Thus the function g: £ ^ MLR(T) in the proposition is 
defined. 

When T' = {G',N',iP') belongs to MLR(r), Proposition EH tells us that G' = G{C^^''^) and 
AT' = A^(C(^')). It also tells us that V' is the unique character in lrr{N{(^'^'')) \ (^(^') ) lying under 
■0. Since we know that Z{T') is a normal subgroup of N, and that C^^'^ G Lin(Z(r')) lies under 
^ G Irr(A^), this just says that is the C*-^ ^-Clifford correspondent '(/'^(to of 'i/'- Hence T' is 
T{(^'^''>) = N{C,^'^'^),'tp^^T'))- We conclude that the composite function go f is the identity 

map of MLR(T) onto itself. 

Now fix (L, A) G £. As in Step □ of the proof of Theorem lOl the form c: A^xA^^C^ in (|7!Ia|) 
satisfies 

for any p £ L and a G A^. It follows that the stabilizer A^(A) is precisely the perpendicular subgroup 
L"*- to L with respect to c. 

The commutator [A^(A), Z(r(A))] is contained in Ker(C*^^'^^)^), since G Lin(Z(r(A)) is 

A^(A)-invariant. Because (^(^('*')) extends C^'^\ it follows that 

c(Ar(A), Z(r(A))) = C^^KiNiX), Z(T(A))]) = ((^(^^^[NiX), Z(r(A))]) = 1. 

So Z(r(A)) is contained in A^(A)"'" = L-*"-*-. But L"*-^ is the inverse image in A^ of the double 
perpendicular subgroup Z-^-^ to L = L/Z {T) under the form c: (A^/Z(T))_x (A^/Z(T)) ^ C 
induced by c. Since L-*"-*- = L, by ()7.6b|) for the symplectic G/N-group N(r) = N/Z(T), we 
conclude that Z(T(A)) < L-*-^ = L. The opposite inclusion holds by 1)3. 3|) . Therefore Z(T(A)) is 
equal to L. Because A G Lin(L) is the restriction of (^(^('*')) g Z{T{X)) in (|3.3|) . this implies that 
q{T{X)) _ Hence the composite map fog sends (L, A) to itself, and the proposition is proved. □ 

Corollary 7.17. // (L, A) lies in £, then the normal subgroup N{X) in T{X) is the perpendicular 
subgroup L-^ to L with respect to the form c: N x N in 1)7. 4a() . 

Proof. This was shown in the course of the above proof. □ 

The linear limits of T can also be described in the situation of the preceding proposition. 

Proposition 7.18. If {K,k) and {L,X) belong to the set £ in Proposition \7.l6[ then T(k) is a 
linear reduction of T(A) if and only if L < K and X = kl- Hence T{X) is a linear limit of T if and 
only if L = L/ Z(T) is maximal among all G / N -invariant isotropic subgroups of N(r) = N/ Z{T). 

Proof If T{k) is a linear reduction of T(A), then (jlH) tells us that Z(r(A)) < Z{T{k)) and C^^^^^^ = 
{C^'^^'^^^)z{T{X})- III view of Proposition 17.161 this just says that L < K and A = kl- 
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On the other hand, if L < K and X = kl, then T{k) is the Unear reduction [T(A)](k) of T(A) by 
Proposition 13 . 1 11 So the first statement in the present proposition is proved. 

Since L is a normal subgroup of G contained in N, and A G Lin(L) hes under V S Irr(A^), 
Propositions 13.41 and 17.81 tell us that L = L/ Z{T) is a G/A^- invariant isotropic subgroup of N(T) = 
N/ Z(T). If L is maximal among such subgroups, then K = K/Z{T), which is also G/A^-invariant 
and isotropic, must equal L. This forces K to equal L, and k E Lin(i^') to equal X = kl. So 
T(k) = T{X). In view of Proposition 17. 16] this implies that T(A) is linearly irreducible. So r(A) is 
a linear limit of T whenever L is maximal. 

Suppose that there is some G/A^-invariant isotropic subgroup M of N(r) such that L < M. Then 
M = M/ Z(T), where M is a normal subgroup of G satisfying Z(T) < L < M < N . Furthermore, 
[M, M] is contained in Ker(T) by Proposition 17.81 Because Ker(T) = Kei{C^'^^) and ("^^^ = Xz[t)^ 
we conclude that [M, M] < Ker(A). So A G Lin(L | C^'^^ ) can be extended to some character 
/i G Lin(M I C^"^^ )• Then (M,//) lies in £, and T{fi) is a linear reduction of T{X). This linear 
reduction is proper, since M = Z(T(^)) strictly contains L = Z(T(A)). Therefore r(A) is linearly 
reducible when L is not maximal, and the remaining statement in the proposition is proved. □ 

Let j4 be a formed abelian //-group, for some finite group H, and B be an isotropic //-invariant 
subgroup of A. Then is an //-invariant subgroup of A containing B, and the factor group 
B^/B is naturally an //-group. The bilinear form b: Ax A ^ for A induces a bilinear form 
h: (B^/B) X (B-^/B) C^, sending the cosets pB,aB G B^/B to 

(7.19) b{pB,aB) = b{p,a) eC", 

for any p,a G B^. This induced form b is strongly alternating and //-invariant, since b has these 
properties. So it turns B^/B into a formed abelian //-group. Whenever we treat B^ / B as a 
formed abelian //-group, it is this induced bilinear form we have in mind. 

Any subgroup of B^ /B is the factor group C /B, for some subgroup G of B^ containing B. The 
inclusions 

B < B^^ <C^ < B-^, 

in A, and the above definition of b, imply that the perpendicular subgroup (C/B)-^ to C/B in 
B-^/B is the image 

(7.20a) (C/B)^ = C^/B 

of the perpendicular subgroup G"*" to G in A. In particular, the radical of B^/B is the image 
(7.20b) iad{B^/B) = (B^/B)^ = B^^/B 

of B^-^. When A is symplectic this last image is 1 by (|7.6b|) . Hence B-^/B is naturally a symplectic 
//-group, for any //-invariant isotropic subgroup B of any symplectic //-group A. 

We apply the above remarks when A is the symplectic G/A^- group N(T) = N/ Z(r) in Proposition 
I7.16| and B is its G/A^- invariant isotropic subgroup L = L/Z(T) in Proposition 17.81 for some 
(L,A) G £. The normal subgroup A^(A) in r(A) is by Corollarv 17.171 Hence its image in N(T) 
is 

(7.21a) N{X)/Z{T) = L^/Z{T) = {L/Z{T))^ = L^. 

Since L is Z(r(A)) by Proposition 17.161 the factor group N(T(A)) is 
(7.21b) N(r(A)) = A^(A)/ Z(r(A)) = L^/L. 
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We conclude that there is a natural isomorphism i = iT{\) of the group N(r(A)) onto L-L/L, sending 
aZ(r(A)) = cjL G N(T(A)) to 

(7.21c) i{aL) = {a Z{T))l G L^/L = {L^ / Z(T))/(L/ Z(r)), 

for any a G N{X) = L"*-. Because jL is an abelian group, so is the isomorphic group N(T(A)). 
Hence N(r(A)) is naturally a formed abelian G(A)/A''(A)-group. By Propositions 14.41 and 17.91 the 
embedding G(A) ^ G induces an isomorphism of G(A)/A^(A) onto G{il})/N = G/N. We use this 
isomorphism to carry the conjugation action of G(A)/N(A) on N(T(A)) to an action of G/N on 
N(T(A)). In this way N(r(A)) becomes a formed abelian G/N-gioup. 

Proposition 7.22. // {L,X) belongs to the set £ in Proposition 1 7. -? 6| then the map i in (|7.21c|) 

is an isomorphism of N(T(A)) onto L-^/L as formed abelian G/N -groups. Hence N(T(A)) is a 
symplectic G{X)/N{\)- group, as well as a symplectic G/N -group. 

Proof. The natural alternating form cx(^x) on N(T(A)) x N(T(A)) is defined by 1)7. 4b|) with r(A) in 
place of T. Because = A extends C*'"^'') we have 

CTix)ipL,aL) = C^^^'^\[p,a]) = C^''K[p,a]) = ct(p Z(r), a Z(r)) 

for all p,(T £ N{\). So the isomorphism i in (|7.21c|l sends cx(x) to the form c on {L-^ /L) x {L-^ /L) 
induced by c = as in (|7.19|) . 

If r G G{\) and a G L-^, then the element {aLf^ of the G/iV-group N(r(A)) = L^/L is a^L 
by definition. The isomorphism i carries this to 

(a^ Z(r))Z = {a Z{T)YL = {{a Z{T))LY = i{aLY . 

So i preserves actions of G/N as well as biliear forms, and thus is an isomorphism of formed abelian 
G/A^-groups. 

We know that Z^/L is a symplectic G/A^-group, since N(T) is one. Hence the isomorphic abelian 
G/A^-group N(T(A)) is symplectic. It follows that N(T(A)) is a symplectic G(A)/A^(A)-group. So 
the proposition is proved. □ 
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